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Abstract
We review the geometrical approach to the description of the dynamics of su-
perparticles, superstrings and, in general, of super{p{branes, Dirichlet branes and
the M5-brane, which is based on a generalization of the elements of surface theory
to the description of the embedding of supersurfaces into target superspaces.
Being manifestly supersymmetric in both, the superworldvolume of the brane
and the target superspace, this approach unies the Neveu{Schwarz{Ramond and
the Green{Schwarz formulation and provides the fermionic κ{symmetry of the
Green{Schwarz{type superbrane actions with a clear geometrical meaning of stan-
dard worldvolume local supersymmetry.
The dynamics of superbranes is encoded in a generic superembedding condition.
Depending on the superbrane and the target{space dimension, the superembed-
ding condition produces either only o{shell constraints (as in the case of N = 1
superparticles and N = 1 superstrings), or also results in the full set of the super-
brane equations of motion (as, for example, in the case of the M{theory branes).
In the rst case worldvolume superspace actions for the superbranes can be con-
structed, while in the second case only component or generalized supereld actions
are known.
We describe the properties of the doubly supersymmetric brane actions and show
how they are related to the standard Green{Schwarz formulation.
In the second part of the article basic geometrical grounds of the (super)embedding
approach are considered and applied to the description of the M2{brane and the
M5{brane. Various applications of the superembedding approach are reviewed.
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3
1 Introduction
String theory to much more extent than any other theory requires for its description vari-
ous important developments of classical and quantum eld theory, group theory, geometry
and topology.
To comprehend dierent properties of string theory and to uncover underlying relations
between them one should use for the analysis dierent (often intertwined) mathematical
tools and methods.
One of such basic geometrical tools is surface theory which describes the embedding
of surfaces into higher dimensional manifolds. The application of surface theory to the
description of string theory is quite natural, since the string is a one{dimensional rela-
tivistic object which sweeps a two{dimensional surface (worldsheet) when it propagates
in a (target) space{time. The dynamics of the string completely determines the geomet-
rical properties of the worldsheet describing its embedding into the target space, and vice
versa, specifying geometrical properties of the embedding of a surface into a target space
one can, in principle, get the full information about the details of the dynamics of a string
whose worldsheet is associated with this surface.
For instance, a metric gmn() (m;n = 0; 1) of a string worldsheet locally parametrized
by coordinates m = (; ) is an induced metric which is related to a D{dimensional




which is the simplest example of the embedding condition.
Note that with taking into account worldsheet reparametrization symmetry the in-
duced metric condition (1.1) amounts to Virasoro constraints on string dynamics (see
[1, 2, 3] for details on superstring theory).
The classical trajectories of the string are surfaces of a minimal (or more generally,





− det gmn(X()); (1.2)
whose geometrical meaning is to be the total area of the worldsheet of a string with the
tension T . The variation of the action (1.2) vanishes for minimal area surfaces, which
produces the string equations of motion. Therefore, from the geometrical point of view the
string equations describe minimal (area) embedding of the worldsheet into target space.
A direct application of the geometrical methods of surface theory in string theory was
initiated in [4, 5] and revealed a connection of the string equations of motion with two{
yIn what follows the underlined indices will correspond to target{space objects (coordinates, elds,
etc.), while not underlined indices will correspond to the worldsurface. This will allow us to escape, to
some extent, the proliferation of indices.
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dimensional (exactly solvable) non{linear equations, such as the sin{Gordon and Liouville
equation.
Though, of course, all string formulations imply that string worldsheet is a surface
embedded into a target space{time, the geometrical embedding approach explores this
in the most direct way. It deals with such objects as induced vielbeins of the surface,
extrinsic curvature and torsion of the surface, and reduces the string equations to the
system of the Codazzi, Gauss and Ricci equations completely determining the embedding
of the surface (see [7] for the details on surface theory and [6] on its applications to
strings).
The embedding approach was also used in connection with the problem of formulating
a consistent quantum string theory in non{critical space{time dimensions and has been
developed in a number of papers (see [6, 8] and references therein).
In addition to particles and strings a variety of other extended relativistic objects have
been discovered in D = 10 superstring theories and D = 11 supergravity. This includes a
D = 11 membrane [9], a D = 11 ve{brane [10] and Dirichlet branes [11, 12]. Collectively
all these extended objects are called superbranes or super{p{branes, where p denotes the
number of spatial dimensions of a given brane.
The existence of the superbranes reflects and causes important duality chains which
connect D = 11 supergravity with ve basic D = 10 superstring theories and string
theories among themselves (see [13, 3] for a review on dualities). This gives rise to a
conjecture that D = 11 supergravity and the D = 10 string theories can be associated
with dierent vacua of a single underling quantum theory called U{theory [14]. This
theory is also often called M{theory [16], but following Sen [14] and Schwarz [15] we shall
reserve the latter name for a D = 11 sector of U{theory whose low energy eective eld
theory limit is D = 11 supergravity, and which also contains a membrane (M2{brane)
and a ve{brane (M5{brane) as part of its physical spectrum.
Since the superbranes are surfaces in target superspaces it is natural to apply for
studying their properties the same geometrical methods as for strings, i.e. to describe the
propagation of superbranes by specifying the embedding of brane worldvolumes in target
superspaces. For instance, a bosonic part of a super{p{brane worldvolume action is a
(p+1){dimensional analog of the Nambu{Goto action (1.2). It produces bosonic equations
of motion which are equivalent to minimal (volume) embedding of the corresponding
worldvolume into space{time.
As we have already mentioned, at the classical level the use of geometrical embedding
methods allow one to nd a connection between equations of motion of bosonic branes
and integrable [17], and in the case of strings, with exactly solvable nonlinear equations
[4, 5, 6, 8, 20]. Analogous relations were also found for superstrings [21, 22]. As a result,
one can relate, for example, (super)strings to exactly{solvable Wess{Zumino{Novikov{
Witten models [23, 24, 22]. ( for a review on WZNW models and related topics see
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[25, 26] and references therein). This provides us with useful information about the
details of brane dynamics.
In the case of supersymmetric extended objects the use of the embedding approach has
turned out to be even more fruitful, since it has allowed one to clarify the geometrical origin
of local symmetries of superbrane worldvolumes [27]{[45], to relate dierent formulations
of superbrane dynamics [46]{[49], and to get equations of motion for those superbranes for
which the construction of worldvolume actions encountered problems, such as D(irichlet)-
branes [50] and the M5-brane [51]. It has also allowed one to make a progress towards a
solution of the problem of covariant quantization of superstrings [53, 33, 48, 54, 140, 55].
Let us also mention that supergravity can also be described as a theory of supersurfaces
[56].
To apply the embedding approach to the description of superbranes one should rst
generalize the method itself and nd supersymmetric analogs of bosonic embedding con-
ditions such as the induced metric condition (1.1) and the minimal embedding of the su-
perbrane worldvolume which would be equivalent to the superbrane equations of motion
[45]. A reasonable generalization is to consider superbrane worldvolumes as supersurfaces
locally parametrized by (p + 1) bosonic coordinates m and n fermionic coordinates 
( = 1; :::; n) embedded (in a specic way) into target superspaces locally parametrized
by D bosonic coordinates Xm and 2[
D
2
] Grassmann spinor coordinates  (where brackets
denote the integer part of D
2
). Thus we get a superembedding.
The assumption that such a superembedding should underlie the worldvolume dynam-
ics of superbranes is prompted by a well known fact that the D = 10 superstring theories
can be formulated in two dierent ways.
In the Neveu{Schwarz{Ramond (or spinning string) formulation [57] superstring prop-
agation is described by a supersurface, possessing n = 1 local worldsheet supersymmetry,
embedded into bosonic space{time. Space{time supersymmetry appears in this model
only upon quantization as a symmetry of quantum string physical states singled out by
the Gliozzi{Scherk{Olive projection [59].
On the other hand in the Green{Schwarz formulation [58] the superstring worldsheet
is a bosonic surface embedded into a target superspace. This formulation is manifestly
space{time supersymmetric and, in addition, possesses a local worldsheet fermionic sym-
metry called kappa{symmetry. The number of independent {symmetry transformations
is half the number of target superspace Grassmann coordinates. Kappa{symmetry was
rst observed in the case of superparticles [60, 61] and is inherent to all superbranes in the
Green{Schwarz formulation [1, 9, 62, 63, 64]. It plays an important role ensuring that su-
perbranes form stable, so called, Bogomol’nyi{Prasad{Sommerfeld congurations whose
presence in a superspace background preserves half of the space{time supersymmetries
of a background vacuum. For D = 10 superstrings this means, in particular, that their
quantization results in consistent quantum supersymmetric theories.
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At the same time local fermionic {symmetry causes problems with performing the
covariant Hamiltonian analysis and quantization of superbrane theories. This is due to
the fact that the rst{class constraints corresponding to {symmetry form an innite
reducible set, and in a conventional formulation of superparticles and superstrings it
turned out impossible to single out an irreducible set of the fermionic rst{class constraints
in a Lorentz covariant way. (Note however that it is possible to do this in the case of
D{branes [65]).
It is therefore desirable to replace {symmetry with something more natural and sim-
ple. To do this one can notice that {symmetry transformations resemble supersymmetry
transformations. Space{time supersymmetry transformations of Xm and  with a su-
persymmetry parameter  are
 = ; Xm = iΓm; (1.3)







(); Xm() = −iΓm; (Γ)2 = 1 (1.4)
where 1
2
(1 + Γ) is a projection operator constructed from the Γm matrices. The projector
is specic for each type of the superbranes, and its presence implies that the number of
independent {symmetry transformations is twice less than the number of the space{time
supersymmetries (1.3).
Notice the dierence in the sign of the Xm{variations in (1.3) and (1.4). This dier-
ence implies that if ordinary supersymmetry is associated with left boosts in the target
superspace, the {symmetry is associated with right boosts.
It is instructive to understand how the presence of the branes breaks symmetries
of target superspace vacua. For this consider an innite flat membrane in a D = 11
Minkowski superspace.
i) D = 11 Lorenz symmetry SO(1; 10) is broken down to d = 3 Lorentz symme-
try SO(1; 2) of the worldvolume times SO(8) rotations in directions orthogonal to the
membrane;
ii) D = 11 Poincare invariance is broken down to a translational symmetry along the
membrane worldvolume (generated by momenta Pm, m=0,1,2),
iii) therefore, unbroken supersymmetries are those generated by supercharges whose
anticommutators close on the unbroken translations along the membrane worldvolume.
There are 16 such generators Q (=1,...,16) among 32.
fQ;Qg = 2iPmΓm:
16 target{superspace Grassmann coordinates (let us call them ) which are shifted by the
action of the 16 unbroken supercharges can be regarded as ones ‘parallel’ to the membrane.
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It is important to stress that it is the unbroken supersymmetry transformations of 
which can be compensated by appropriate worldvolume {symmetry transformations,
and, hence, these 16 Grassmann coordinates can be associated with fermionic directions
which extend the bosonic worldvolume of the membrane to a superspace embedded into
the target superspace. Other 16 target{space Grassmann coordinates (let us call them 
0
)
correspond to the spontaneously broken supersymmetries. They are Goldstone fermion
physical modes of the brane.
From the above analogy we see that, since {symmetry is a local worldvolume fermionic
symmetry, it would be natural to endow it with the direct meaning of being a manifes-
tation of conventional n{extended local supersymmetry of the superbrane worldvolume.
This would allow one to get rid of ‘unpleasant’ features of {symmetry by dealing directly
with well understood properties of conventional linearly realized supersymmetry. Such an
interpretation of {symmetry was proposed in [27].
For this one should construct a formulation of superbrane dynamics which would be
manifestly supersymmetric on both the worldvolume and the target superspace. Such
a doubly supersymmetric formulation would then unify the NSR and GS formulations.
Note that the NSR formulation of super{branes with p > 1 is unknown and the doubly
supersymmetric formulation may provide one with an idea what \spinning" branes might
look like.
To have the worldvolume and target space supersymmetry manifest the doubly super-
symmetric formulation should be constructed as a supereld theory on both the world-
volume superspace and the target superspace, the former being (super)embedded into the
latter. We thus again arrive at the superembedding approach.
The idea to use doubly supersymmetric models for a combined treatment of the NSR
and the GS superstrings rst appeared in [66]. It has then been applied to the construction
of an interesting class of so called spinning superparticle [67] and spinning superstring [68]
models. In general, however, these models describe objects with twice larger number of
physical states than, for example, corresponding NSR spinning strings or GS superstrings
have themselves. They also do not resolve the problem of {symmetry, since the latter
is still present in the spinning superbranes as an independent symmetry in addition to
double supersymmetry.
A main reason why spinning superbranes have ‘redundant’ symmetries and physical
states is that embedding of their superworldvolumes into target superspaces is too general.
To describe conventional (i.e. not spinning) superbranes in the superembedding approach
(with kappa{symmetry replaced by local worldvolume supersymmetry) one should nd
an appropriate superembedding condition which would amount to conditions required for
the description of the dynamics of the ‘standard’ superbranes.
The basic superembedding condition was rst found in [27] for superparticles and then,
as a result of the development of the superembedding approach [27]{[51], was proved to
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be generic to all known types of superbranes. From the geometrical point of view this
condition is quite natural and simple.




tions) of the vector component Ea(Z) of a target space supervielbein EM(Z) = (Ea; E)
(where ZM = (Xm;), and the indices from the beginning of the alphabets correspond




tions). The pullback of Ea is a one{superform on the superworldvolume and, therefore,
can be expended in a superworldvolume supervielbein basis eA(; ) = (ea; e)
Ea(Z(; )) = eaEaa + e
Ea: (1.5)
The superembedding condition reads that the pullback components of the vector su-
pervielbein Ea(Z) along the Grassmann directions of the superworldvolume are zero
Ea(Z(; )) = 0: (1.6)
The geometrical meaning of this condition is that at any point on the superworldvolume
the worldvolume tangent space Grassmann directions form a subspace of the Grassmann
tangent space of the target superspace.
In a certain sense eq. (1.6) is analogous to the induced metric condition (1.1) (actu-
ally, eq. (1.6) implies a superspace generalization of (1.1)). As we shall see below, the
dynamical meaning of the superembedding condition (1.6) is that it produces Virasoro{
like constraints on the dynamics of the superbranes, and in many cases its integrability
conditions lead to superbrane equations of motion. It also provides a link between {
symmetry of the standard GS formulation and local worldvolume supersymmetry of the
doubly supersymmetric formulation of superbranes [27], as well as a classical relation be-
tween the NSR and GS formulation in the case of superparticles [46, 47] and superstrings
[48, 49].
In the cases when the superembedding condition does not produce the superbrane
equations of motion one can construct worldvolume supereld actions for corresponding
superbranes. Such actions have been constructed for N = 1, y D = 3; 4; 6; 10 massless
superparticles [27, 31, 32, 36, 38, 39], N = 1, D = 3; 4; 6; 10 superstrings [28, 29, 33, 34,
37, 40], N = 2, D = 2; 3; 4; 6 massless and massive superparticles [35, 38, 42, 69], an
N = 2, D = 3 superstring [41, 42] and an N = 1, D = 4 supermembrane [70].
In the case where worldvolume superembedding corresponds to the type II D = 10
superstrings and D{branes, the D = 11 supermembrane and the super{ve{brane the
superembedding condition produces superbrane equations of motion [42, 45, 50, 51]. It
is remarkable that in such cases the superembedding condition contains full information
about the physical contents of supersymmetric theories on the worldvolumes of the super-
branes. For instance, in the case of the D-branes one derives from (1.6) that the D{branes
yThe capital N stands for the number of the spinorial supercharges of target{space supersymmetry.
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carry on their worldvolumes vector gauge elds of the Dirac{Born{Infeld{type, and the
M5{brane carries a self{dual second{rank tensor gauge eld. The superembedding ap-
proach allowed one to get the full set of nonlinear equations of motion of D{branes [50]
and the M5{brane [51, 52] before the Green{Schwarz{type worldvolume actions for these
objects were constructed in [62, 63, 64] y.
When the superembedding condition produces superbrane equations of motion one
cannot construct worldvolume supereld actions for these branes. The problem is the
same as in the case of extended supersymmetric eld theories and supergravities when
constraints imposed on superelds put the theory on the mass shell. In these cases one
should either consider component actions (such as Green{Schwarz{type actions), or apply
a generalized action principle [72] based on a group{manifold approach to the description
of supersymmetric theories [73]. In the latter case one gets an action which produces the
supereld superembedding condition as an equation of motion, though the action itself
is not a fully fledged supereld action in the sense that the integral is taken only over a
bosonic submanifold of the superworldvolume.
In some cases the superembedding condition is not enough even for the o{shell de-
scriptions of superbranes [50]. This happens, for instance, with D6{ and D8{branes of
the type IIA superstring theory [74] or with space{lling branes, such as the D9{brane of
the type IIB superstring [75]. In these cases an additional superworldvolume condition is
required to constrain superelds describing gauge elds propagating in the worldvolume
of the branes.
As another important and profound feature of the superembedding approach it is
worth mentioning that it provides a natural link between space{time and twistor [76, 77]
description of relativistic systems. Actually, in the rst series of papers on the doubly
supersymmetric description of superbranes the approach was called twistor{like, and only
quite recently it has acquired the present name of the geometrical [45, 78] or simply the
superembedding [79] approach.
In the superembedding approach auxiliary commuting spinors appear as superpartners
of the target superspace Grassmann coordinates and have properties of twistors [76, 77,
80, 27] and/or Lorentz harmonics [87],[88]{[94, 53].
The use of twistor{like variables to formulate the theory of supersymmetric relativistic
objects has the following deep grounds.
When a superbrane propagates in a nontrivial gauge supereld or supergravity back-
ground {symmetry requires background superelds to satisfy supereld constraints,
which (in most of the cases) are equivalent to background supereld equations of mo-
tion.
For instance, the {symmetry of a massless superparticle propagating in a super{
yA gauge xed action for a space{lling D3{brane was rst constructed in [71] as a result of studying
partial breaking of N = 2, D = 4 supersymmetry.
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Yang{Mills background requires geometrical integrability of the background along light{
like lines of the superparticle trajectories, which implies constraints on background super-
elds. In the case of N = 3; 4, D = 4 or N = 1, D = 10 super{Yang{Mills background,
for example, this is equivalent to the SYM eld equations [95, 96]. Analogous results
were obtained for supergravity backgrounds [95, 97]. And it was understood that the
correspondence between geometrical integrability along massless superparticle orbits and
super{Yang{Mills and supergravity equations is based on a twistor interpretation of these
theories. In this connection twistor formulations of superparticles and superstrings have
been studied in a number of papers [80, 81]{[86, 97, 30, 38, 54, 98, 99, 100].
As we shall see, the superembedding condition (1.6) contains a Cartan{Penrose rela-
tion between vectors and commuting spinors. And the Cartan{Penrose relation turns out
to be the twistor{like solution of the Virasoro{type constraints which govern the dynamics
of any brane.
Therefore, through the superembedding condition one establishes the relationship be-
tween various space{time, twistor{like and harmonic formulations of superparticles, su-
perstrings and superbranes.
In this review we shall consider basic features of the superembedding approach. We
shall show how one arrives at the superembedding condition by constructing an appro-
priate worldline supereld action for a massless superparticle. We shall demonstrate how
local worldvolume supersymmetry transformations reduce to {symmetry transformations
upon the elimination of the auxiliary components of worldvolume superelds which made
local supersymmetry manifest. For those superbranes for which the superembedding con-
dition does not put the theory on the mass shell we shall present doubly supersymmetric
(worldvolume supereld) actions which produce the superembedding condition, and will
discuss their symmetry properties.
We shall perform the analysis of the superembedding condition in cases when it puts
the theory on{shell producing superbrane equations of motion. In these cases, such as the
D = 11 M2{brane and the M5{brane, we shall demonstrate how superbrane equations of
motion arise as a requirement of the integrability of the superembedding condition, and
will discuss the problem of constructing doubly supersymmetric actions for such branes.
Since the (super)embedding approach has a rather wide range of applications, it is not
possible in one review to cover in detail all points where this approach has been found to
be useful. Some of them we shall just sketch referring the reader to corresponding original
literature. For instance, we leave aside the relation of the method to integrable models,
and an important and interesting problem of covariant quantization of Green{Schwarz
superstrings, which itself requires a separate review article. The details on solving this
problem with methods related to the superembedding approach the reader may nd in
[54, 33, 48, 140, 53, 55].
The article is organized as follows.
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It can be conventionally divided into two parts. The rst part consists of Sections 2
and 3, and Sections 4 and 5 constitute the second part.
In Section 2 we introduce the basic ideas of the superembedding approach with a
simple example of superparticles. This instructive example should facilitate the reader’s
understanding of all the features, ingredients and techniques of the approach, which will
be applied (in exactly the same way) in subsequent Sections to the description of more
complicated models of superstrings and superbranes.
In Section 3 we discuss the superembedding formulation of N = 1, D = 3; 4; 6; 10
superstrings. As in the case of N = 1, D = 3; 4; 6; 10 superparticles, the superembedding
condition does not produce dynamical equations of motion of the N = 1 superstrings,
and one can construct worldsheet supereld actions, from which the dynamical equations
are derived. An interesting feature of these actions is that the string tension appears
there through an auxiliary dynamical variable [40]. This is a realization of the idea of a
dynamical generation of the brane tension, various aspects of which have been discussed
in references [101, 102, 103]. We then describe worldsheet supereld actions for N = 1
superstrings in curved target superspaces and show that the latter should obey supergrav-
ity constraints. Finally, we introduce into the doubly supersymmetric construction chiral
(heterotic) fermions which extend the N = 1, D = 10 closed superstring to a D = 10
heterotic string.
In Section 4 we present basic geometrical ideas which underlie the theory of bosonic
surfaces and then extend them to the description of superembeddings.
In Section 5 we apply general tools of superembeddings to the description of classical
dynamics of the supermembrane and the super{5{brane of M{theory.
In Section 6 we briefly review other applications of the superembedding approach.
2 Doubly supersymmetric particles
2.1 The bosonic particle
We start by recalling the form of actions for a massless bosonic particle which we will
then subject to various kinds of supersymmetrization. This will allow us to describe the
dynamics of particles having spin degrees of freedom.
A well known quadratic action for the massless bosonic particle propagating in D{
dimensional Minkowski space is
S =
∫






where mn is the diagonal Minkowski metric (−;+; :::;+),  is the time variable parametriz-
ing a particle worldline xm() (m = 0; 1:::; D−1) in the target space{time, _xm  @xm and
e() is an auxiliary eld which can be regarded as a (nondynamical) gravitational eld on
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the worldline of the particle. The latter ensures the invariance of the action (2.1) under
worldline reparametrizations (dieomorphisms)  0 = f(), the worldline elds xm() and
e() transforming as scalars and a one{dimensional covariant vector, respectively,











_xm _xm = 0;
or
pmpm = 0; (2.3)






the canonical momentum of the particle.
The constraint (2.3) implies that the particle is massless.









We will now generalize both versions of the massless particle action to describe various
supersymmetric particles.
2.2 Spinning particles
Let us assume that the trajectory of a particle in a bosonic space{time is not a line
but a supersurface parametrized by one bosonic variable  and one fermionic variable 
(which can be regarded as a one-dimensional worldline spinor). The functions Xm(; )
describing the embedding of this supersurface into D-dimensional bosonic target space
become worldline superelds
Xm(; ) = xm() + im(); (2.5)
where, as above, xm() are the coordinates of the particle in the target space and m are
their Grassmann{odd superpartners.y
The one{dimensional graviton e() becomes a member of a (supergravity) supereld
E(; ) = e() + 2i () (2.6)
and thus acquires a gravitino eld  () as its Grassmann{odd superpartner.
yIn (2.5) and below capital letters stand for worldvolume superelds, while corresponding small letters
denote leading components of these superelds which are associated with conventional dynamical variables
of the superbranes.
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The particle momentum pm enters a supereld
Pm(; ) = pm() + im(): (2.7)
To get an action for a spinning superparticle one can supersymmetrize both the ac-
tion (2.1) or its rst{order form (2.4). Since the generalization of the latter is more
sophisticated [104] we shall not describe it below.






















fD;Dg = i@ (2.9)
is a Grassmann covariant derivative.
The action (2.8) is invariant under local worldline superreparametrizations which in-
clude bosonic worldline reparametrizations and local supersymmetry transformations.
The innitesimal superreparametrizations are
 0 −  =  = (; )− 1
2
D;
0 −  =  = − i
2
D;




where (; ) = a()+i() is the superreparametrization parameter which contains the
worldline bosonic reparametrization parameter a() and the local supersymmetry param-
eter (). Under (2.10) the supereld Xm(; ) (2.5) transforms as a scalar X 0m( 0; 0) =
Xm(; ), its components having the following variation properties (Xm  X 0m(; ) −
Xm(; ))
xm = −a() _xm − i
2
()m;





The supereld Pm(; ) also transforms as a scalar P
0
m(
0; 0) = Pm(; )
pm = −a() _pm − i
2
()m;





Finally, the transformation properties of the supereld E(; ) are
E = −@ (E) + i
2
DDE; (2.13)
from which one derives the variation of the worldline graviton e() and the gravitino  ()
e = −@ (ae)− i() ;









Let us note that the geometry of the superworldline associated with the superreparametriza-
tions dened in eq. (2.10) is conformally flat. This means that worldline supervielbeins
eA(; ) = (e ; e) describing such a geometry dier from flat supervielbeins eA0 (; ) =
(e0; e

0 = d) by a conformal factor (the subscript 0 indicates the flat basis). Namely,
e = E(; )e0 = E(; )(d + id);
e = E
1
2 (; )d − ie0DE
1
2 : (2.15)
(Note that as in the flat case such a form of the supervielbein satises the worldline torsion
constraint T   de = −ie ^ e.)
In the case of the conformally flat worldline supergeometry (and a corresponding world-
sheet supergeometry of superstrings) it is convenient to use flat supercovariant derivatives
(2.10) and supervielbeins rather than curved ones and just take into account conformal
factors where they are required for the covariance.
Integrating (2.8) over  (using the Grassmann integration rules
∫
d = 0 and
∫
d = 1)














In addition to the ‘masslessness’ constraint (2.3) the action (2.16) yields the fermionic
constraint which comes from the variation of the last term in (2.16) with respect to  ()
mpm = 0; (2.17)




( _xm − i
e
 m): (2.18)
(Note that since m are Grassmann{odd, m
m  0).
Upon quantization the constraint (2.17) becomes the Dirac equation imposed on a
rst{quantized spinorial wave function. Therefore, the action (2.3) or (2.16) describes a
relativistic particle with spin 1/2, and the Grassmann vector m describes the spinning
degrees of freedom of the particle [106, 105].
To get an action for relativistic particles of an arbitrary spin n
2
(where n is a natural
number) one should consider the worldline of a particle to be a supersurface parametrized
by n fermionic variables q (q = 1; :::; n) [107, 108].
2.3 Superparticles, -symmetry
Let us now do an opposite thing. Instead of considering the embedding of a worldline
supersurface into a bosonic D{dimensional space{time consider an embedding of a bosonic
worldline into a flat target superspace parametrized by bosonic coordinates xm (m =
15
0; 1; :::; D − 1) and Grassmann spinor coordinates  ( = 1; :::; 2[ D2 ]). Depending on the
dimension D the spinors  can be chosen to be Dirac, Majorana or Majorana{Weyl ones.
The global supersymmetry transformations of the target superspace coordinates are
 = ; xm = iΓm; (2.19)
and we would like to construct an action for a particle which would be invariant under
these transformations.
For the construction of such an action one uses supercovariant one{forms EA = (Ea; E)





am; E = d ; (2.20)
The target superspace geometry is flat, i.e. it has zero curvature, but nonzero torsion (the
external dierential acts from the right)
T a = dEa = −idΓad: (2.21)
[When superspaces are flat we shall usually not make a distinction between tangent{
space ‘flat’ indices (from the beginning of the alphabets) and coordinate indices (from the
middle of the alphabets), since in this case the two types of indices are simply related by
the unit matrix, as in the denition of the supervielbeins (2.20).]
The pullback of the supervielbeins (2.20) onto the particle worldline with the image
ZM() = (xm(); ()) is
Ea(Z()) = dEa (Z()) = d
(
@x




The superparticle action is obtained by replacing _xm in (2.1) or (2.4) with the vector






Ea E bab; (2.23)












Ea ) = @pa = 0; (Ea Γa) @ = (paΓa) @ = 0; (2.25)
Ea = @xa − i@ Γa = e()pa:
.
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By construction the actions (2.23) and (2.24) are invariant under the target{space
supersymmetry transformations (2.19), and under the worldline reparametrization of xm,
e() (2.2), p0m(
0) = pm() and 0( 0) = (), which is responsible for the mass{shell con-
dition (2.3). In addition, these actions possess a hidden worldline fermionic {symmetry












where () is a Grassmann spinor parameter of the {transformations.
One can notice that not all () contribute to the {transformations, and that, in
fact, the transformations (2.26) are innitely reducible.





Then, due to the dening relations for the Dirac matrices
fΓm;Γng = ΓmΓn + ΓmΓn = 2mn; (2.28)
the transformation of  takes the form

() = −pmpm0: (2.29)
This transformation vanishes on the mass shell p2 = 0 (2.3). Therefore, the parameters of
the form (2.27) do not eliminate any on{shell gauge degrees of freedom of the superparticle.
If in (2.27) we choose 0 = pmΓm00 we will see that on the mass shell (2.3) the
parameter (2.27) turns to zero. We can continue such a substitution an innite number of
times and nd that at any stage there are {parameters for which the {transformations
are trivial on the mass shell. The reason for this (innite) reducibility is that the spinorial
matrix pmΓ
m has the rank which on the mass shell (2.3) is half the maximum rank, i.e.
half the dimension 2[
D
2
] of the spinor. This means that among the 2[
D
2
] components of 
only half of the components are independent and eectively contribute to the {symmetry
transformations. This also concerns fermionic constraints on the superparticle dynamics
whose appearance is the consequence of {symmetry. In the Dirac terminology [112] these
constraints belong to the rst class, and in the canonical Hamiltonian formulation they









m)  is the momentum canonically conjugate to the Grassmann
coordinate . Since the expression for  does not contain time{derivatives it is a fermionic
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spinorial constraint
D =  − i(pmΓm)  = 0: (2.31)
Under the canonical Poisson brackets [pm; x
n] = nm, f; g = y the constraints (2.31)
have the anticommutation properties of the super{Poincare algebra
f D; Dg = −2i(pmΓm)  : (2.32)
As we have seen, the matrix on the right hand side of (2.32) is degenerate and has the rank
one half of the maximum rank. Thus half the constraints (2.32) are of the second class
and another half are of the rst class, the anticommutator of the latter being (weakly)
zero.
Without introducing auxiliary elds it turns out to be impossible to split the fermionic
spinor constraints (2.31) into irreducible Lorentz covariant sets of rst and second class
constraints because the spinor representation of the Lorentz group is the fundamental one
and cannot be decomposed into any other Lorentz group representations.
The maximum we can do in the present situation is to get an innite reducible covariant
set of the rst class fermionic constraints (2.30) multiplying (2.31) by pmΓ
m, or to break
manifest Lorentz covariance.
If we try to covariantly quantize the superparticle model, the innite reducibility of -
symmetry and of the corresponding constraints will require the introduction of an innite
set of ghosts for ghosts [113] and, in addition, we should also manage with the second class
constraints contained in (2.31). All this makes the problem of the covariant quantization
of superparticles and superstrings a dicult one.
To be able to split the fermionic constraints (2.31) into irreducible sets of rst and
second class constraints it has been proposed to enlarge the space of superparticle (and
superstring) variables with auxiliary bosonic spinor variables (twistors [77, 80]{[84, 27],
or Lorentz harmonics [87],[88]{[94, 53]) and to use these variables to carry out a covariant
split of the constraints.
Below we shall see that these auxiliary variables naturally appear in the doubly su-
persymmetric formulations of the super{p{branes.
2.4 Spinning superparticles
Let us now make the next step and to construct particle models which would be invariant
under both the worldline (2.10) and the target{space (2.19) supersymmetry transforma-
tions. The worldline of such a particle is a supersurface zM = (; ) embedded into the
target superspace ZM = (Xm;). I.e. the particle trajectory is
ZM(zM) = ZM(; ) = (Xm(; );(; )) ; (2.33)
yThe brackets [, ] and f, g stand for commutation and anticommutation relations, respectively.
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where the worldvolume supereld Xm(; ) is the same as in (2.5) and
(; ) = () + (): (2.34)
We see that the Grassmann spinor coordinate () of the particle acquires a commuting
spinor superpartner ().
Under worldline superreparametrizations (2.10) (; ) transforms as a scalar super-
eld
 = −a() _ − 1
2
();





The pullback onto the superworldline of the superinvariant forms EA = (Ea; E) (2.20)
takes the form













where we have expanded the target superforms in the flat supervielbein basis (2.15) of
the superworldline.
Note that the worldline spinor components of the superforms (2.36) are basic ones in
the sense that the ‘ ’{components can be constructed from the former by applying to the
‘’{components the covariant derivative D. We thus have
@ = −iD (D) ;
Ea = @Xa − i@ Γa
= −iD
(




Therefore, it is sucient to use the basic ‘’{components to construct doubly supersym-
metric actions.
It turns out that depending on which action (2.8), (2.23) or (2.24) is generalized
to acquire the second supersymmetry we get dierent doubly supersymmetric particle
models.
The second supersymmetrization of the actions (2.8) and (2.23) results in a same
doubly{supersymmetric action which describes the dynamics of so called spinning super-
particles [67, 114].
To get this action we should, for example, simply replace DXm in (2.10) with the
basic ‘’{component of the target{space vector supervielbein pullback (2.36)
Ea = DXa − iD Γa: (2.38)








We shall not discuss the properties of the particle model described by the action (2.39).
The reader may nd the details in references [67, 114, 31]. We only mention that the rst{
quantized spectrum of this particle is the direct product of the spectra of the corresponding
spinning particle (2.8) and superparticle (2.23). And this is the reason for the name
‘spinning superparticle’.
For instance, in D=4 the rst{quantized states of the spinning particle (2.8) have spin
1
2
. The quantization of the N = 1; D = 4 massless superparticle results in states described
by a chiral supermultiplet (0; 1
2
) which contains one complex scalar and one Weyl spinor.





; 1) supermultiplet. Therefore, the rst{quantized states of the D = 4 spinning
superparticle have two spins 0, two spins 1
2
and spin 1. This spin content is the same as
one described by an N = 2; D = 4 vector supermultiplet. The latter arises as a result
of the quantization of an N = 2; D = 4 superparticle [115]. The equivalence of the two
models was demonstrated in [114, 31].
We now turn to the construction of a doubly supersymmetric action which would
describe a particle model with the same physical content as the standard superparticle
model based on the actions (2.23) and (2.24), the role of the local worldline supersymmetry
being to substitute the {symmetry.
2.5 Worldline superfield actions for standard superparticles. The
superembedding condition.
We have seen that the number n of the independent {symmetry transformations is half
the number of components of the Grassmann spinor coordinates of the superparticle.




directions, one should construct an n = 2[
D
2
]−1 worldline supersymmetric action for being
able to completely replace n {symmetries with n{extended worldline supersymmetry.
We shall see that such actions can be constructed for N = 1, D = 3; 4; 6 and 10 massless
superparticles. A particular property of these critical bosonic dimensions is that there
exists a twistor{like (Cartan{Penrose) representation of a light{like vector in terms of
a commuting spinor. Note that standard classical Green{Schwarz superstrings also exist
only in these dimensions [58, 1], which is implicitly related to the same fact. Superparticles
(including massive ones as [34, 35]) and superstring models in other space{time dimensions
can be obtained from these basic models by a dimensional reduction [38, 69].
Let us rst consider the simplest case of an
2.5.1 N = 1; D = 3 superparticle and twistors
In this case the Majorana spinor has two components and {symmetry has only one inde-
pendent parameter. Our goal is to identify the independent {symmetry transformations
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of (2.26) with the local worldline supersymmetry transformations (2.10). To this end we












where the worldline even supereld Pa and the odd supereld Ea are dened in eqs. (2.7)
and (2.38), respectively, and the Lagrange multiplier supereld L(; ) is Grassmann odd
for the second term of (2.40) to have the right Grassmann parity.
By construction the action (2.40) is invariant under the worldline superreparamet-
rizations (2.10) and target{space supersymmetry transformations (2.19), and it is also
invariant under fermionic transformations (2.26), where all variables are replaced by cor-
responding superelds, and d
d
is replaced by the supercovariant derivative D. At the
rst glance it seems that we have not got rid of the {symmetry since it appeared again
at the worldline supereld level. However, as we shall see, the second term of (2.40) is
unnecessary [38]. Its role would be to produce a supereld generalization of the mass shell
condition (2.3), but, it turns out that eq. (2.3) follows already from the rst term of the







DXa − iD Γa
]
(2.41)
does not have any redundant {symmetry, and, as we shall now demonstrate, is equivalent
to the standard superparticle action (2.24) in D = 3.
As we shall see in Subsection 2.5.4. in N = 1, D = 4; 6 and 10 target superspaces
the n = 1 worldsheet supereld action (2.41) also describes standard superparticles, since
then in addition to n = 1 worldsheet supersymmetry it has D − 3 hidden local fermionic
{symmetries.
Note that the action (2.41) is of a ‘topological’ Chern{Simons nature [32] since it
is invariant under the local worldline superreparametrizations but does not contain the
superworldline metric.
Performing {integration in (2.41) we get the following action for the components of




a − i _Γa − Γa) + i
∫
da(
a − Γa): (2.42)
The second term in (2.42) reads that a and 
a are auxiliary elds satisfying algebraic
equations
a = 0; 
a = Γa: (2.43)
The equations of motion of xa and  are, respectively,




 = 0: (2.44)
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They are the same as eqs. (2.25) yielded by the action (2.24). We should now show that
the mass shell condition (2.3) also follows from the action (2.42). This can be derived in
two ways.
The variation of (2.42) with respect to pa gives
Ea j=0  _xa − i _Γa = Γa; (2.45)
from which it follows that
abEa E b j=0 = 0: (2.46)
This is because the square of the r.h.s. of (2.45) is identically zero
(Γa)(Γa)  0 (2.47)




m) γ(CΓm) + (Γ
m)

(CΓm) = 0; (2.48)
where C =  is the charge conjugation matrix which can be used to raise and lower
the spinor indices.
The identities (2.47) and (2.48) can be easily checked in the Majorana representation
of the Dirac matrices where the Majorana spinor is real, and
C = Γ0 =
 0 1
−1 0
 ; Γ1 =
 0 1
1 0




The identity (2.48) also holds in D = 4; 6 and 10 space{time dimensions, and the
eq. (2.47) is valid in these dimensions for the Majorana (or Weyl), simplectic SU(2)
Majorana{Weyl [117, 120] and the Majorana{Weyl spinors, respectively. As a conse-
quence of these identities any light{like vector in these dimensions can be represented as
the bilinear combination of commuting spinors (2.45). Such a representation is called the
Cartan{Penrose (or twistor) representation of the light{like vector. Note that its existence
in the special dimensions D = 3; 4; 6 and 10 is related to the existence of four division al-
gebras associated with real, complex, quaternionic and octonionic numbers, respectively,
(see [116], and [117, 118, 119] as nice reviews for physicists) which form an algebraic
basis for corresponding twistor constructions [76, 81]. In application to the superembed-
ding formulation of superparticles and superstrings these structures were exploited, for
example, in references [80, 81, 27, 29, 82, 83, 121].






 = 0: (2.50)
If the matrix paΓ
a is nondegenerate the equations (2.44) and (2.50) are satised only when
@ = 0;  = 0; (2.51)
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which (in virtue of (2.45)) leads to
@x
m = 0:
Such a solution describes a particle which is frozen in a single point of super space{time (it
even does not evolve along the time direction x0). Since this solution is physically trivial it
can be discarded by requiring that the components of  do not turn to zero simultaneously
y. This requirement is in agreement with the denition of twistor variables [76] which are
commuting spinor variables parametrizing a projective space. Then the eq. (2.50) has
nontrivial solutions if the matrix paΓ




Γa; ) papa = 0; (2.52)






Thus we have again arrived at the Cartan{Penrose representation of the light{like vector.







( _xa − i _Γa) (2.54)
has the meaning of the superparticle canonical momentum as in the standard formulation
of Subsection 2.3, and the multiplier e() can be identied with the worldline gravitation
eld.
One can notice that the Cartan{Penrose relation (2.52) establishes a one{to{one cor-
respondence between the two{component commuting spinor  and the D = 3 light{like
vector pa which also has two independent components. [The graviton e() is completely
auxiliary and can be gauge xed to a constant by the worldline reparametrizations (2.2).]
Therefore, either pa or  can be considered as independent dynamical variables in
the phase space, and the number of physical degrees of freedom of the doubly supersym-
metric particle is the same as that of the standard superparticle. If we choose pa as an
independent variable then the independent equations of motion (2.44), (2.52) and (2.54)
of the dynamical variables pa, xa and  derived from the action (2.42) coincide with the
massless superparticle equations (2.25) and (2.3) yielded by the action (2.24). The local
worldline supersymmetry can be used to eliminate one (pure gauge) degree of freedom of
. All this testies to the classical equivalence of the two actions.
The only thing which remains to establish is the relationship of the worldline supersym-
metry and {symmetry. For this consider the worldline supersymmetry transformations
yNote that in the standard formulation of relativistic particles this requirement is analogous to ex-
cluding the point e(τ) = 0 from the solutions of the particle equations of motion (2.25).
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(2.11), (2.12) and (2.35) of , , xa and pa, when the relations (2.43) for the auxiliary











Γa() = −iΓa; (2.56)
pa = 0: (2.57)






where () is an arbitrary Grassmann spinor.
If we now substitute eq. (2.58) into (2.55) and (2.56) and take into account (2.53) we
shall see that the supersymmetry transformations become the {symmetry transforma-
tions (2.26) for xa and .
It remains to derive the {variation of the worldvolume eld e() (2.26).
To this end we make use of the relation (2.52), where e() appears in the formulation
under consideration, and observe that when a = 0, the particle momentum is invariant
(2.57) under the local supersymmetry transformations (2.12). For consistency we must
require that the r.h.s. of the Cartan{Penrose representation (2.52) of pa is also invariant
under the supersymmetry transformations. To show this we should nd the supersym-
metry variation of e() which cancels the variation of  (2.55). At this point we should
also take into account that  satises the equation of motion (2.44). This requirement is
justied by the fact that the worldline supersymmetry transformations relate the bosonic
kinematic equation (2.50), and its solution (2.52), (2.53), to the fermionic dynamical
equation (2.44). In view of (2.50) and (2.53) the general solution of (2.44) is
_ =  ~ (); (2.59)
where ~ () is a Grassmann{odd worldline function.
Then the required worldline supersymmetry variation of e() is
e() = −ie()() ~ (): (2.60)
Substituting (2.58) in (2.60) we get the {symmetry variation (2.26) of e().
Therefore, fermionic {symmetry is nothing but the worldline supersymmetry trans-
formations of the superparticle dynamical variables when the auxiliary eld components
of the corresponding worldline superelds are eliminated. The independent {parameter
(or the supersymmetry parameter) is the (Lorentz{invariant) projection of the spinorial
{symmetry parameter onto the commuting spinor  (2.58).
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The (irreducible) rst class fermionic constraint which generates n = 1 worldline
supersymmetry (and/or irreducible {symmetry) is
D = 0; fD; Dg = −2ipmΓm = 0; (2.61)
where D was dened in (2.31).
This completes the proof of the classical equivalence of the doubly supersymmetric
model based on the action (2.41) and the standard superparticle (2.23), (2.24) in N = 1,
D = 3 superspace.
Before going further it is worth mentioning the relation of the doubly supersymmetric
action (2.41) and (2.42) with twistor formulations of (super)particles [77, 80]{[31, 84, 86].
We have already observed similarity between the commuting spinor variables  and
twistors which manifests itself through the Cartan{Penrose relation between  and pm
(2.52).
If we consider  and not pm as independent dynamical variables we can replace pm
in (2.42) with . Then hiding e() by redening  (e−
1
2 ! ) and dropping out





_xa − i _Γa
)
: (2.62)
This action is one on which the supertwistor formulation [77, 80, 81, 82] of superparticles in
space{times of dimension D = 3; 4; 6 and 10 is based. Various versions of the supertwistor
formulation have been developed in a number of papers [80]{[86, 30, 100]. The doubly
supersymmetric formulation provides us with a natural link between the standard (2.23)
and the twistor description of superparticles.
2.5.2 On–shell relationship between superparticles and spinning particles
We have seen that in the doubly supersymmetric formulation of superparticles the Grass-
mann superpartners m of the particle coordinates xm are treated as auxiliary variables
expressed in terms of  and  (eq. (2.43)). Note that the equation (2.43) can be re-
garded [46] as an odd counterpart of the Cartan{Penrose twistor relation (2.45), in fact,
they are worldline supersymmetry partners.
On the contrary, in the theory of spinning particles (Section 2.2) m is a dynamical
(spin) variable obeying the equations
mpm = 
m( _xm − i
e








which are yielded by the spinning particle action (2.16).
We shall now demonstrate that the equations (2.63) and (2.64) are equivalent to the
superparticle equations (2.44).
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Remember that the solution of the fermionic equation in (2.44) is eq. (2.59). Substi-
tuting (2.59) into the expression for the superparticle momentum (2.54) and taking into




( _xa − i _Γa) = 1
e()
( _xa − i ~ a): (2.65)
We see that in this form the superparticle momentum coincides with the spinning particle
momentum (2.18) if we take ~ = 1
e
 , both momenta satisfying the same equation of
motion _pa = 0.
Contracting (2.65) with a = Γa and taking into account the Cartan{Penrose rela-
tion (2.52) for pa we nd that the equation (2.63) is identically satised.
We now check that the solution m = Γm is compatible with the equation of motion
(2.64). For this take the time derivative of m. Then, in view of (2.59), (2.52), (2.65) and
that we put ~ = 1
e








 ( _xm − 1
e
 m) + Γm _: (2.66)













Hence, the last term in (2.66) is equal to e˙
2e
m, and eq. (2.66) coincides with eq. (2.64).
We have shown that the dynamical variables of the N = 1, D = 3 superparticle and
the n = 1 spinning particle, and their equations of motion are related to each other by




Γm; m = Γm:
Therefore, the doubly supersymmetric action (2.41) can be regarded as a ‘master’ action
for both types of the particles. It provides us with superparticle or spinning particle equa-
tions of motion depending on whether the Grassmann vector m or the spinor  is chosen
as an independent dynamical variable. The two particles are thus classically equivalent,
though quantum mechanically (as is well known) these are systems with dierent spectra
of states.
The on{shell relationship between N = 1 superparticles and n = 1 spinning particles
[46, 47], and between N = 1 superstrings and n = 1 spinning strings [48, 49] holds also
in space{time dimensions D = 4; 6 and 10. To demonstrate this relationship one should
gauge x all but one local worldsheet supersymmetries (or {symmetries) of the target
space supersymmetric objects. The remaining local worldsheet supersymmetry is then
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identied with n = 1 worldsheet supersymmetry of the corresponding spinning objects.
The commuting twistor{like spinors relate the dynamical variables of the two types of
models.
It is well known that the equivalence between D = 10 superstrings and D = 10
spinning strings extends to the quantum level so that the two models describe one and the
same quantum string theory, provided the NSR spinning strings have been GSO-projected.
The ‘twistor’ transform demonstrated above allows one to utilize useful properties of
both the Green{Schwarz and the NSR formulation to study the problem of covariant
quantization of superstring theory [54, 33, 48, 140, 55].
Another example of quantum equivalent systems (which we have mentioned in Sub-
section 2.4) is the equivalence between the free N = 1, n = 1 spinning superparticle and
the N = 2 superparticle in D = 4 [114].
2.5.3 The superembedding condition
We now return to the consideration of the action (2.41) and repeat its analysis directly
at the worldline supereld level with the purpose of getting the principal condition of the
superembedding of the particle superworldline into target superspace and to analyze its
properties.
The superembedding condition is derived by varying the action (2.41) with respect to
the supereld Pa(; ), and it reads that the superparticle moves in target superspace in
such a way that the pullback of the target{space supervielbein vector component along
the Grassmann direction of the superworldline is zero
Ea = DXa − iD Γa = 0: (2.68)
The consequence of eq. (2.68) is obtained by hitting (2.68) with the derivative D
@X
a − i@ Γa−D ΓaD = 0: (2.69)
Eq. (2.69) implies that the component of Ea along the time direction of the worldline is
expressed in terms of the spinor components E = d of the target space supervielbein
(2.36) along the Grassmann direction of the worldline
Ea (; )  @Xa − i@ Γa = D ΓaD: (2.70)
This is the supereld version of the Cartan{Penrose relation (2.45) which states that
Ea (; ) is light{like and, hence, the superparticle is massless.
The condition (2.70) is the only consequence of eq. (2.68) which one has in the case
under consideration. We see that the superembedding condition (2.68) itself does not lead
to the dynamical equations of motion of the superparticle (2.44). The supereld form of
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the dynamical equations is obtained from the action (2.41) by varying it with respect to
Xa and 
DPa = 0; PaΓ
aD = 0: (2.71)
Therefore, in the case of theN = 1, D = 3 superparticle the superembedding condition
(2.44) ‘prescribes’ the superparticle to be massless but does not completely dene its
classical dynamics. The classical equations of motion of the superparticle should be
derived separately, for example, from the action principle as above.
It turns out that the same situation holds for superparticles in N = 1, D = 4; 6 and
10 target superspaces.
2.5.4 N = 1, D = 4; 6; 10 superparticles
The {symmetry of the N = 1, D = 4; 6; 10 superparticles has n = D − 2 = 2; 4; 8
independent parameters, respectively. Hence, to replace {symmetry with local worldline
supersymmetry one should consider the embedding into N = 1, D = 4; 6; 10 target
superspace of a superworldline M1;n parametrized by the bosonic time variable  and
n = D − 2 fermionic variables q (q = 1; :::; D − 2).
Note that, in general, one can consider doubly supersymmetric models in D = 4; 6 and
10 with the number n of worldvolume supersymmetries being less than D−2. Such models
also describe standard superbranes but with only part of the {symmetries represented as
manifest n{extended worldline supersymmetry, the other D−2−n {symmetries remain-
ing hidden. In the case of superparticles and superstrings N = 1 doubly supersymmetric
formulations with n < D − 2 are used for establishing the classical relationship between
spinning and super objects [46]{[49] as well as for superstring quantization [54, 140].
For instance, the n = 1 worldline supereld action (2.41) is also a consistent action
for standard N = 1, D = 4; 6; 10 superparticles, since it does possess additional fermionic
symmetries which complement the n = 1 worldline supersymmetry to n = D − 2 {
symmetries.
In the D = 4 case the additional {symmetry transformations are

 = K(; )(Γ5D); Γ5 = iΓ0Γ1Γ2Γ3; (2.72)
X
m = −iΓm; Pa = 0;
where K(; ) = () + b() is an n = 1 supereld parameter independent of the n = 1
supersymmetry parameter (; ) (2.10).
The bosonic component b() of K(; ) allows one to gauge away one of the four
real components of . The remaining three components correspond to three indepen-
dent components of the D = 4 lightlike vector Γm associated with the superparticle
momentum.
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The appearance in (2.72) of the matrix Γ5 reflects (in the language of the Majorana
spinors) the presence of the complex structure inherent to the Weyl representation of
the D = 4 spinors. (The symmetry with the parameter b() then becomes local U(1)
symmetry acting on Weyl spinors ). This allows one to promote the second fermionic
symmetry (2.72) to the second manifest worldsheet supersymmetry by constructing an
n = 2 supereld action in N = 1, D = 4 superspace as an alternative to (2.41) (see
[27, 36, 38]).
In D = 6 the action (2.41) should possess 4 fermionic symmetries one of which is n = 1
worldline supersymmetry (2.10). To show how the other three look we should introduce
the notion of the SU(2) simplectic Majorana{Weyl spinors (see [117, 120] for details). The
spinor index  = 1; :::; 8 splits into the SU(2) index i = 1; 2 and the index  = 1; :::; 4 of
a fundamental representation of SU(4)  SO(1; 5). By denition the SU(2) simplectic
Majorana{Weyl spinor satises a pseudoreality condition




where the matrix B is dened by the conditions
BγmB−1 = (γm); BB = −1
and * denotes complex conjugation.
The 4  4 matrices γm replace the D = 6 Dirac matrices and are analogs of 2  2
{matrices in D = 4. They are antisymmetric
γ
m
 = −γm : (2.74)




where (I)i j (I = 1; 2; 3) are the SU(2) Pauli matrices. X
a and Pa are transformed as in
(2.72).
The commuting spinor i has now 8 real components. 5 of these components cor-
respond to ve independent components of a D = 6 lightlike vector (the particle mo-
mentum), and another three are to be pure gauge degrees of freedom. Indeed, they are




which are part of (2.75), where bI() = DKI j=0.
The n = 4 supereld generalization of (2.41), which involves only one twistor{like
spinor i and makes the symmetries (2.75) manifest, was constructed in [36] by the use
of the harmonic superspace technique [87].
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In the D = 10 case the situation becomes much more complicated since to furnish
all 8 fermionic symmetries of the action (2.41) in an irreducible form one should deal
with the nonassociative octonionic structure [29]. [A corresponding n = 8 octonionic
supereld action which would directly produce (2.42) is unknown]. However, it is possible
to write down a reducible set of {transformations which complement the n = 1 local
supersymmetry (2.82) to eight independent fermionic symmetries of the action (2.41) in
the D = 10 case [30, 48]

 = (D ΓaD)(Γ
aK) − 2D(D K): (2.77)
X
m = −iΓm:
The transformations (2.77) are reducible since the parameters K(; ) in the form
K = (ΓaKa)D; Ka = ~K(D ΓaD)
do not contribute to (2.77). It can be shown that the number of independent components
in K is 7.
The fermionic superparameter K(; ) contains bosonic parameters which allow one
to eliminate 7 of the 16 components of , so that the remaining 9 components again
correspond to a lightlike D = 10 vector.
It is worth mentioning that the appearance in (2.72){(2.77) of extra bosonic gauge
transformations which reduce the number of independent components of  is related to
the well known fact that in D = 3; 4; 6 and 10 the commuting spinors ("twistors") with
n = 2(D − 2) = 2; 4; 8 and 16 components parametrize, respectively, S1, S3, S7 and
S15 spheres. (In each case one spinor component can be xed to be a constant by scale
transformations, which corresponds to worldline reparametrizations when these spinors
appear in particle models). These spheres are Hopf brations (ber bundles) which are
associated with the division algebras R, C, H and O of the real, complex, quaternionic
and octonionic numbers. The bases of these ber bundles are, respectively, the spheres
S1, S2, S4 and S8, and the bers are the group manifolds Z2, S1 = U(1) and S3 = SU(2),
and a sphere S7 (which is not a group manifold). The base spheres correspond to and are
parametrized (up to a scaling factor) by light{like vectors (massless particle momenta) in
D = 3; 4; 6 and 10, respectively, and the bers correspond to pure gauge degrees of freedom
associated with additional gauge symmetries of the superparticle models discussed above.
We have thus shown that the n = 1 supereld action (2.41) is nonmanifestly {
symmetric in D = 3; 4; 6 and 10 space{time dimensions and, hence, describes N = 1
superparticles. The generalization of the action (2.41) to a d = 2 worldsheet will describe
N = 1 D = 3; 4; 6; 10 tensionless superstrings.
As we have already mentioned there are dierent ways of constructing appropriate
(classically equivalent) manifestly n = D− 2 worldline supersymmetric actions for N = 1
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superparticles [27, 36] and N = 1 superstrings [28, 33, 34, 37] in D = 4 and 6 target super-
spaces which make use of complex and quaternionic (or harmonic) analyticity structure
inherent to these superspaces. However, the simplest way (and the only known one for
N = 1, D = 10 superparticles [58] and superstrings [33, 40]) is to write down a straight-
forward generalization of the action (2.41). For this we should dene an appropriate
geometry of an n = D − 2 worldline superspace M1;n.
As in the case of n = 1 worldline superspace (2.10), (2.15) the supergeometry of M1;n
can always be chosen to be superconformally flat. I.e. the worldline supervielbeins have
the form




2 (; )dq − ie0DqE
1
2 ; q = 1;    ; n (2.78)
(indices p; q; r; s::: from the end of the Latin alphabet will be always reserved for a repre-
sentation of an internal group transformations of q). And one can again work with flat
supervielbeins e0 and e
q
0 = d




+ iq@ ; fDq; Drg = 2iqr@ : (2.79)
For the worldline superdieomorphisms z0M = z0M (zN ) of the M1;n coordinates zM =
(; q) to preserve the conformal structure on M1;n they must be restricted to satisfy the
constraint
Dq
0 − i0rDq0r = 0; (2.80)




The innitesimal form of the superreparametrizations (restricted superdieomorphisms)
(2.80) is determined (as in eq. (2.10)) by a single unconstrained superparameter (; q)
 = (; )− 1
2
qDq;
q = − i
2
Dq;
Dq = −12 _Dq + i4 [Dq; Dr]Dr:
(2.82)
In addition to the bosonic reparametrization parameter a() = j=0 and the world-
line supersymmetry parameter q() = −iDqj=0 the superfunction (; ) contains
parameters of local SO(n) rotations bqr() = [Dq; Dr]j=0. The fermionic coordinates
q transform under an n{dimensional representation of SO(n). The SO(n) indices are
raised and lowered by the unit matrix and hence there is no distinction between them.
Let us embed the superworldlineM1;n into N = 1, D = 4; 6; 10 target superspace. The
image of M1;n is described by the worldline superelds ZM(zM) = (Xm(; q);(; q))
which now have many more components than in the n = 1 case
Xm(; q) = xm() + iqmq () + :::; (2.83)
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(; q) = () + q

q () + :::; (2.84)
where dots denote terms of higher orders in q.
The pullback onto M1;n of the target{space supervielbeins (2.20) is










a − iDq Γa
)
(2.85)
We postulate that the dynamics of massless superparticles in dimensions D = 4; 6; 10
is governed by the superembedding condition similar to eq. (2.68)
Eaq (Z(z)) = DqXa − iDq Γa = 0: (2.86)
Let us analyze the consequences of (2.86). We shall see that (2.86) contains the mass{
shell condition of massless superparticle dynamics, and that only the leading components
of the superelds (2.83) and (2.84) are independent, while all other components are aux-
iliary and expressed in terms of the leading components and their derivatives [33, 42].
Taking the covariant derivative Dr of (2.86), symmetrizing the result with respect to
the indices r and q and taking into account eq. (2.79) we get
qr(@X
a − i@ Γa) = Dq ΓaDr; (2.87)
where the r.h.s of (2.87) is automatically symmetric in q and r because of symmetry
properties of the Γ{matrices in D = 3; 4; 6 and 10.
From eq. (2.87) it follows that










The condition (2.88) is analogous to (2.70), and (2.89) is an additional one. It, in par-




j=0 in the supereld (2.84) in such a way that Ea determined in (2.88)
is lightlike. To check this one should simply convince oneself that the square of the r.h.s.
of (2.88) is identically zero due to the properties (2.48) of the Γ{matrices and by virtue
of the relation (2.89).
Hence, the superparticle with the superworldline embedding specied by the condition
(2.86) is massless.
We shall now show that the superembedding condition (2.86) completely determines
the higher components of the superelds (2.83) and (2.84) in terms of their leading com-
ponents xm and  up to bosonic local worldline reparametrizations and local SO(D− 2)
rotations (2.82).
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To this end one should prove that because of eq. (2.89) the number of independent
components of the bosonic matrix Dq
 is equal (up to the SO(D− 2) rotations) to the
number of the independent components of the light{like vector Ea (2.88).
The vector Ea has (up to {reparametrizations) n = D − 2 independent components




(E i)2 = (E0 )2  (@X0 − i@ Γ0)2; (2.90)
where i stands for D − 2 transverse spatial directions and 0 denotes the time component
of the vector. The r.h.s. of (2.90) can be put to 1 by gauge xing, in an appropriate way,
the worldline bosonic a(){reparametrizations contained in (2.82) of X0 (2.11). Thus the
remaining D− 1 spatial components of the light{like velocity Ea , among which D− 2 are
independent, parametrize an Sn{sphere.
The matrix Dq
 has 2(D − 2)2 components, since the spinor representations which
we choose in D = 3; 4; 6 and 10 have dimension 2(D − 2). 1
2
(D − 2)(D − 3) + 1 com-
ponents of this matrix can be eliminated by the use of SO(D − 2) rotations and a(){
reparametrizations (2.82), since Dq carries the SO(D − 2) index and Dq transforms





One can derive eq. (2.91) from the nite extension (2.80) of the worldline superreparametriza-
tions (2.82).
Note that Dq
0r satises the same dierential conditions as Dq, i.e.











which resemble the integrability condition (2.89). The conditions (2.93) are, in fact, the
integrability conditions of the constraint (2.80) for the worldline superreparametrizations
to preserve the conformally flat geometrical structure of the superworldline.
This guarantees that 1
2
(D − 2)(D − 3) + 1 components of Dq can be gauged away
by appropriate SO(D − 2){rotations and a(){reparametrizations.
We thus remain with 2(D − 2)2 − 1
2
(D − 2)(D − 3) − 1 = 1
2
(D − 2)(3D − 5) − 1
components.
From (2.89) it follows that eq. (2.88) holds for each value of the index q separately
(without the factor n = D−2 on the r.h.s.). This means that (D−1)(D−2) components
of Dq
 are expressed in terms of D − 1 components of the lightlike vector. Thus the
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number of components of the matrix Dq
 still remaining undetermined is 1
2
(D−2)(3D−
5)− 1− (D − 1)(D − 2) = 1
2
(D − 1)(D − 2)− 1.
We now show, following the nice reasoning of refs. [39], that these remaining compo-
nents are restricted to be zero by the algebraic equations (2.89).
Let us consider a particular form of the Γ{matrices, which corresponds to a choice
of light{cone coordinates in D{dimensional target space. This breaks manifest Lorentz
symmetry SO(1; D− 1) of the target space down to its subgroup SO(1; 1) SO(D− 2).
(We have already made a light{cone splitting of the components of a lightlike vector when
we analyzed the geometrical meaning of the masslessness condition (2.90)).
Further on, the case of space{time dimension D = 6 should be handled separately,
since there are no Majorana spinors in this dimension and we deal instead with SU(2)
simplectic Majorana{Weyl spinors (2.73). The choice of an appropriate realization of the
D = 6 Γ{matrices diers from that in D = 3; 4 and 10 space{time dimensions. Anyway,
the D = 6 analysis can be performed along exactly the same lines and gives the same
results as the analysis of the D = 4 and D = 10 case below, and we leave it for the reader
as an exercise.
In the dimensions D = 3; 4; and 10 in the Majorana representation the matrices




 ; CΓi =
 0 γi
(γi)T 0




where γiqq0 are spinor matrices in a (D − 2){dimensional space (D = 3; 4; 10) associated
with the space transverse to the particle trajectory. The indices i = 1; :::; D − 2, q =
1; :::; D− 2 and q0 = 1; :::; D− 2 are indices, respectively, of the vector and two (generally
nonequivalent) spinor representations of the group SO(D − 2) of transformations acting
in this space. For SO(D− 2) we use the same indices q; r; ::: as for the worldline internal
group SO(n) (n = D − 2), since in an appropriate gauge both groups are identied, as
we shall see in a minute.
When D = 4 the transverse space is two{dimensional. The group of transverse rota-
tions is SO(2), and it has one 2{dimensional spinor representation.
In the case of D = 10 the 16 16 matrices (2.94) which act on the 16{component real
Majorana{Weyl spinors are analogs of D = 4 {matrices rather than the Dirac matrices
which are 32  32 matrices in D = 10 (see, for example, [45] for details on D = 10
and D = 11 Γ{matrices). The transverse space is now 8{dimensional, and SO(8) has
one vector and two dierent spinor representations, all three being related by a famous
triality property, which shows up in properties of octonions [118, 119].
In the basis (2.94) the matrix Eq = Dq splits into two (D − 2) (D − 2) matrices




and the eqs. (2.89) take the form



























To proceed with the analysis of eqs. (2.96){(2.98) we should rst require that the
matrix Eq has the maximum rank D − 2. This requirement is of the same nature as one
which we introduced in the case of the N = 1, D = 3 superparticle (subsection 2.5.1)
when, to discard an unphysical \frozen" particle solution, we assumed that all components
of the commuting spinor  cannot be equal to zero simultaneously.
When the rectangular matrix Eq is split as in (2.95) the requirement for it to have the
maximum rank is equivalent to the requirement that the determinant of either Erq or Er0q
is nonzero.
From (2.96) and (2.98) we see that E rq and E r0q satisfy (up to a normalization) the
properties of the orthogonal matrices SO(D − 2). Hence, if, for example, det Erq 6= 0, we
can use the worldline transformations (2.91) to gauge x Eq to be the unit matrix
Erq = Dqr = rq : (2.99)
The meaning of this gauge condition is twofold. It identies the SO(D − 2) group of
superworldline transformations with the subgroup SO(D− 2) of the target space Lorentz
group SO(1; D − 1), and it identies half of the target space Grassmann coordinates
 = (r;r
0
) with the Grassmann coordinates of the superworldline
r = qrq ) rj=0 = r() = 0: (2.100)
Thus, half of the target space supersymmetries are identied with worldsurface supersym-
metry. It is this half of the supersymmetries of the target space vacuum which remain
unbroken in the presence of superbranes.
The condition (2.99), (2.100) is the superworldsheet counterpart of the light{cone
condition (Γ0 + ΓD−1) = 0 often used in the standard formulation of superparticles and
superstrings to gauge x the {symmetry [1].















It can be easily checked that the general solution of (2.101) in the dimensions D−2 = 2
and 8 is
Eqq0 = γiqq0Vi(z); (2.102)
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where Vi(z) is an SO(D − 2){vector supereld. Then eq. (2.98) is identically satised.
Substituting the expressions (2.99) and (2.102) for Eq into (2.88) we nd that the
vector V i coincides with the (independent) transverse components of the light{like particle
velocity Ea (2.90)
E0 + ED−1 = 1; E0 − ED−1 = V iV i; E i = V i: (2.103)
We have thus proved that, up to the worldline superreparametrizations, the integra-
bility conditions (2.88) and (2.89) of the superembedding condition (2.86) completely
express the components of the spinor matrix Eq = Dq in terms of the components of
Ea = @Xa− i@ Γa. y Then from the form of (2.86), (2.102) and (2.103) it follows that
(up to the worldline superreparametrizations) all higher components of the superelds
Xa(z) and (z) are expressed through their leading components which are dynamical
variables in the superparticle model. This is a remarkable property of the superembed-
ding condition given the large number of the components which constitute the worldline
superelds when, for instance, D = 10 and the number of superworldline Grassmann
coordinates is n = 8.
It implicitly follows from the solution (2.102) and (2.103) of the integrability conditions
(2.88) and (2.89) that the superembedding condition does not contain the dynamical
equations of motion (2.44) of the physical particle variables xm() and (), i.e. @x
m and
@
 remain unrestricted. Hence again, as in the case of the N = 1, D = 3 superparticle,
to completely determine the classical dynamics of the superparticle one should construct
an action from which the dynamical equations of motion are derived.









a − iDq Γa
]
: (2.104)
A dierence between eqs. (2.104) and (2.41) is that now P qa (; ) is a Grassmann{odd
supereld for the action (2.104) to be Grassmann{even. An appropriate variation of P qa
ensures the invariance of eq. (2.104) under the worldline superreparametrizations.




which can be seen from a corresponding term in the component action obtained by inte-
grating (2.104) over . In (2:105) q1:::qD−2 is the totally antisymmetric unit tensor.
yWe have seen that the independent components of the matrix Eq parametrize the sphere SD−2.
In Subsection 4.4 we shall demonstrate that this sphere can be realized as a compact subspace of a
2(D − 2){dimensional coset space SO(1;D−1)SO(1;1)SO(D−2) , and that the components of E

q are associated with
Lorentz{harmonic variables in a spinor representation of SO(1, D − 1).
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The superembedding condition is obtained by varying the action (2.104) with respect
to P qa . And the variations of (2.104) with respect to X




a = 0; P
q
aΓ
aDq = 0; (2.106)
which (as one can check) contain the dynamical equations (2.44) for the superparticle
variables xm() and ().
To complete the proof that the action (2.104) describes standard massless superpar-
ticles we should convince ourselves that the supereld P qa (z) does not contain any extra
independent dynamical variables (which would otherwise mean that the model has redun-
dant degrees of freedom).
To show this one should notice that the number of independent components of P qa (z)
substantially reduces because of an additional local invariance of the action (2.104) with
respect to the following transformations of P qa [39]
P qa = Dr(
qrsΓaDs); (2.107)
where the tensorial parameter qrs (z) is totally symmetric and traceless with respect to
each pair of the indices q; r; s.
Then, by analyzing the equations (2.106), it can be shown that the components of
the supereld P qa (z) can either be gauged away by independent local transformations
contained in (2.107) or are expressed in terms of components of Dq
: The reader may
nd the details of this analysis in the references [39, 40].
In particular, we again get the superparticle equations of motion (2.44) and the














When the auxiliary elds are eliminated the worldline supersymmetry transformations
of the remaining elds take the form
 = −q()q; q = −iq _; (2.109)
xa = −iΓa; pa = 0: (2.110)














we again recover the {symmetry transformations (2.26).
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Note that in general the expansion of the symmetric matrix q 

q in the basis of

















a are the same as in eq. (2.94) but have the vector index down and the spinor
indices up. (Actually, ~Γ

a are inverse of (CΓa)).
In our case the terms with the antisymmetrized product of the Γ{matrices vanish
qΓ
a1:::a5q = 0 (2.113)
because of the condition (2.108) on the commuting spinors, which can be proved using
the results of the analysis of the equations (2.89), (2.95){(2.102). The same happens in
the dimensions D = 4 and 6.
This completes the demonstration that the worldline supereld action (2.104) based
on the superembedding condition (2.86) describes massless superparticles propagating in
flat N = 1, D = 3; 4; 6 and 10 target superspaces.
2.6 Coupling to supersymmetric Maxwell fields
So far we have dealt with free superparticle models. We will now consider how the
interaction of superparticles with Abelian gauge elds is described in the superembedding
approach [39].
When supersymmetric gauge theory is formulated in superspace the gauge superpo-
tential AM(x; ) = (Am; A) is subject to constraints (see, for instance, [123, 124, 125, 126]
and references therein). This is done to eliminate redundant elds (especially those of
higher spins) in the component expansion of the supereld AM (x; ). The constraints are







dZNdZM(@MAN − (−)MN@NAM): (2.114)
FMN is Grassmann{antisymmetric, i.e. it is antisymmetric when one or both indices are
bosonic (of parity 0) and symmetric when both indices are fermionic (of parity 1). (In
eq. (2.114) and below the wedge product of external dierentials and forms is implied.
The external dierential is assumed to act on the dierential forms from the right, i.e.
d(PQ) = PdQ+ (−1)qdPQ for a p{form P and a q{form Q).






FAB = (−)A(B+N)EMA ENB FMN (2.116)
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and EMA is the supervielbein matrix inverse to EA = dZMEAM .
The constraints are imposed on components of the eld strength. The essential con-
straint being generic to all super{Yang{Mills theories in any space{time dimension is
F = 0: (2.117)
Constraints on other components of FAB are obtained from the consistency of the Bianchi




where W(Z) is a spinorial supereld.
In the case of N = 1, D = 10 super{Yang{Mills theory the consistency of the Bianchi
identities in the presence of the constraint (2.117) also implies the equations of motion
for the elds of the SYM supermultiplet, i.e. the constraint (2.117) puts D = 10 SYM on
the mass shell [126, 95].
In [95] it was observed that {symmetry of the action of the superparticle coupled
to the super{Maxwell eld AM requires that the Maxwell eld is integrable along the
lightline trajectories of the superparticle, i.e. that its eld strength is zero along the
superparticle trajectories. This takes place if the gauge eld obeys the constraint (2.117).
Thus {symmetry demands that the gauge eld superbackground is constrained.
In the superembedding formulation light{like integrability means that the pullback of
the eld strength FAB onto the superworldline satisfying the superembedding condition
(2.86) vanishes [39].
The pullback is
FAB = EAAEBBFAB; (2.119)
where EAA = (EA ; EAq ) are dened in (2.85).
Taking into account (2.86) and (2.87) we have
Fqr = Eq E

r F; (2.120)






We observe that the components (2.120) and (2.121) vanish, and, hence,
FAB = 0 ) FMN = @MZN@NZM(@MAN − (−)MN@NAM ) = 0 (2.122)
if the super{Maxwell eld satises the constraints (2.117) and (2.118).
On the other hand, using the properties of EBA discussed in the previous Subsection it
can be shown that FAB = 0 implies the super{Maxwell constraints.
The condition (2.122) can also be regarded as an additional superembedding condition
when the gauge eld superbackground in target superspaces is nontrivial.
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We would like to get this condition (2.122) from a superparticle action. So we extend







MAM − @M); (2.123)
where n = D−2, PM(Z) is a Lagrange multiplier and (z) is an auxiliary superworldline
eld.
The action (2.123) is invariant under Abelian gauge transformations A = d’(Z) pro-
vided (z) transforms under the pullback of ’(Z) as a Goldstone eld (z) = ’(Z(z)).




MAM − @M = 0: (2.124)
The variation of the action (2.123) with respect to  yields the equation
@MP
M = 0; (2.125)







where e is a constant and ~LM(z) is an arbitrary Grassmann antisymmetric supereld.




where LM(z) = −(−)LMML(z).









BFa + EaAE bBFab): (2.128)
The last term in (2.128) contains Eaq and hence can be compensated by an appropriate
variation of the Lagrange multiplier P qa in (2.123), while the rst two terms must vanish if
(2.127) is a symmetry of the action. This implies the super{Maxwell constraints (2.117)
and (2.118).
Using the symmetry (2.127) one reduces the solution for PM to the last term in
(2.126). Then substituting this term back into the action (2.123) we get the standard
minimal coupling Maxwell term
SM = e
∫
d _ZMAM ; (2.129)
where e plays the role of the electric charge. Thus in the superembedding formulation
the electric charge arises as an integration constant of an auxiliary superworldline eldy.
Below we shall see that the string tension appears in the superembedding approach in a
similar way.
yThis is analogous to how gauge coupling constants appear in Kaluza{Klein theories upon integrating
out extra compact directions.
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2.7 Superembedding into curved superspaces
Consider now the propagation of superparticles in curved N = 1 target superspaces
of bosonic dimension D = 3; 4; 6 and 10. Then the super Poincare transformations of
ZM = (Xm;) are extended to the target{space superdieomorphisms
Z 0M = Z 0M(Z): (2.130)




whose leading components correspond to the target space graviton eam(x) = E
a
mj=0 and
the gravitino  (x) = E

 j=0.






MB taking values in the algebra of the tangent space
group which is the Lorentz group SO(1; D − 1).
The geometry of curved superspace is characterized by its torsion
















where r = d+ Ω is the covariant external dierential in the curved target superspace.
The superembedding condition (2.86) is now imposed on the superworldline pullback
of EA







M  eBEAB (2.134)
and takes the form
Eaq (Z(z))  DqZMEaM = 0: (2.135)
The worldline supereld action which produces (2.135) has the same form as eq.






This action is manifestly invariant under the target{space superdieomorphisms and su-
perworldline restricted superdieomorphisms (2.82). For consistency it must also be in-
variant under local variations of P qa which generalize the transformations (2.107)











M , and remember that 
qrs is totally symmetric and
traceless with respect to the each pair of indices q; r; s.
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BA are components of the target superspace torsion (2.132).
The last term of (2.138) can be canceled by the following variation of P qa
P qa = (−)A(qrsΓbEs)EAr T baA;




 = −2i(CΓa): (2.139)
This is the basic constraint of the supereld formulation of supergravity in any dimension
[123, 124, 127, 128, 129]. Note that the flat superspace torsion (2.21) is compatible with
this constraint.
To conclude Subsections 2.6 and 2.7 we remark that in the superembedding formulation
the constraints on gauge eld and target space superbackgrounds are not a requirement
of local worldsheet fermionic symmetry (as in the standard approach) but of additional
local symmetries of the action under variations of the Lagrange multipliers which ensure
the superembedding conditions.
In this regard it is worth mentioning that the case of the N = 1, D = 3 superparticle
is a special one. The n = 1 worldline supersymmetry action in D = 3 supergravity and
super{Maxwell background can be constructed in such a way that Maxwell coupling is












In contrast to the standard {symmetry formulation (2.23), in the form (2.140) the N = 1,
D = 3 superparticle action does not have any local symmetries which would require the
target{space and gauge eld background to satisfy the constraints (2.117) and (2.139). In
this case the constraints should be imposed ‘by hand’ at the level of equations of motion.
3 Superstrings
We now turn to the consideration of superstrings in the superembedding approach, but
rst let us recall standard forms of the superstring action.
3.1 Green–Schwarz formulation
In this formulation (see [58, 1] for details) superstring dynamics is described by the em-
bedding into a target superspace of a bosonic two{dimensional worldsheet parametrized
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by coordinates m = (; ). The requirement of target{space supersymmetry of the super-
string action restricts the possible dimensions of the target superspace in which classical
superstrings can propagate to D = 2; 3; 4; 6 and 10 bosonic dimensions and 2N(D − 2)
real fermionic spinor dimensions (where N = 1; 2 counts the number of spinors). To avoid
dealing with boundary terms, in what follows we restrict ourselves to the discussion of
closed superstrings.
The intrinsic geometry of the worldsheet is described by the zweibein
ea() = dmeam() (3.1)
where a = 0; 1 are SO(1; 1) vector indices of the tangent space.
Below we shall also often use the light{cone basis
e++() = e0 + e1; e−−() = e0 − e1; (3.2)
where (++;−−) stand for SO(1; 1) light{cone vector components. We reserve a single
(+;−) for light{cone components of worldsheet spinors.
In the light{cone basis the d = 2 Minkowski metric takes the form
++;−− = −−;++ = −1
2




e++; e++ = −1
2
e−−: (3.4)























(01 = −10 = 1, 00 = 11 = 0).
The pullback of the target{space supercovariant forms (2.20) onto the worldsheet isy












EI = dmEIm = dm@mI = eaDaI ; (3.8)
where
Da  ema ()@m; (3.9)








m). The index I = 1; 2 indicates that
the number of {coordinates can be 1 or 2 depending on whether we deal with N = 1 or
N = 2 target superspace.
yFor simplicity we again work in flat target superspace.
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p−ggmnEamE bnab + T
∫
B(2)(); (3.10)






MN(Z) is the world-
sheet pullback of the target superspace two{form
B(2) = idxa(d1Γa
1 − d2Γa2) + d1Γa1d2Γa2: (3.11)
The physical meaning of B(2) is that, for instance, in D = 10 it describes a flat
limit of the Neveu{Schwarz two{form gauge eld in the supereld formulation of D = 10
supergravity. As we see from the action (3.10), the strings couple minimally to B(2), and
the string tension is associated with the B(2){charge.
The B(2){ term in (3.10) is called the Wess{Zumino term since it is an integral of an
external dierential form which does not contain the worldsheet metric and is invariant
under the target space supersymmetry transformations (2.19) only up to a total derivative
(and only in D = 3; 4; 6 and 10 where the Dirac matrices satisfy eq. (2.48)).
The denite relative coecient between the two terms of the action (3.10) is required
by {symmetry. The {symmetry transformations of the superstring dynamical variables
are
I = 2iΓm
Im(); Γm  EamΓa


























and the parameters Im () (I = 1; 2) are (anti){self{dual worldsheet vectors
1m = Pmn− 
1
n; 
2m = Pmn+ 
2
n: (3.14)













++ = 0; 
2
−− = 0: (3.15)
The dynamical equations of motion of the superstring are obtained by varying (3.10)










[p−g (gmn@nxm + 2iPmn− @n1Γm1 + 2iPmn+ @n2Γm2)] = 0: (3.16)
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= EamE bnab  Gmn: (3.17)
Rewritten in the light{cone basis eqs. (3.17) take the form of the Virasoro constraints
Ea−−E−−a = 0; Ea++E++a = 0: (3.18)
From eqs. (3.17) it also follows that the intrinsic worldsheet metric gmn can be iden-




The two metrics can be made equal by gauge xing the invariance of the action (3.10)
under the Weyl rescaling of gmn (gmn ! ()gmn).
Using (3.19) we can eliminate the metric gmn from the superstring action and rewrite








It is instructive to note that in this form of the superstring action it is more natural
to replace the (anti){self{dual worldsheet vector parameters Im () of the {symmetry




































and, as in (3.12), Γm = EamΓa denes the worldsheet pullback of the target space Dirac
matrices.
Eq. (3.22) implies that, again as in the case of the superparticles, the number of
independent {transformations is half the number of components of  and is equal to
N(D − 2).
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The property (3.22) of the parameters (3.21) can be checked using the (anti){self{
duality of Im (3.14) where in the projectors (3.13) the metric gmn is replaced by Gmn
y.
Following our strategy we would like to replace the {symmetry transformations with
local supersymmetry transformations. In the case of the N = 2 superstrings the world-
sheet supersymmetry transformations should be parametrized by n = D − 2 worldsheet
chiral and n = D − 2 antichiral Majorana{Weyl fermionic parameters, which can be
denoted as (n; n){supersymmetry.
In the case of the N = 1 superstrings (when one of the {coordinates in (3.10) is
put to zero) the worldsheet supersymmetry should be of a heterotic type (n; 0) and have
n = D − 2 chiral or antichiral parameters. The reason why in the N = 1 case the
worldsheet supersymmetry associated with {symmetry should have the heterotic (chiral)
structure is that in this case there is only one {symmetry parameter which is either the
anti{self{dual (antichiral) or self{dual (chiral) worldsheet vector (see eq. (3.13){(3.15)).
To realize local supersymmetry on the worldsheet we should extend the latter to a
supersurface M2;n;n parametrized by two bosonic coordinates m = (; ) and N(D − 2)
real fermionic coordinates q = (−q; +q
0
) (where  = −;+ are the spinor (chirality)
indices in the light{cone basis and q; q0 = 1; :::; n are indices of internal SO(D− 2) group
transformations which can be independent for − and +). Thus real q satisfy the d = 2
Weyl condition
q = γ0γ1q = γ3q; (3.24)
where γa (a = 0; 1) and γ3 are d = 2 Dirac matrices which can be chosen to have the form
of (2.49).
In the next subsection we consider the superembedding of a superworldsheet which
describes N = 1 superstrings.
3.2 Doubly supersymmetric N = 1 superstrings
To describe the embedding of a supersurface M2;n with d=2 bosonic coordinates m =
(; ) and n = D − 2 real fermionic coordinates −q into N = 1, D = 3; 4; 6; 10 target
superspace we should rst specify the geometrical properties of M2;n appropriate for the
description of the superstrings.
As in the case of the superparticles, we would like to make life as simple as possi-
ble and to deal with an M2;n geometry which would be almost flat and, at the same
time, preserved by restricted worldsheet superdieomorphisms containing unrestricted
d = 2 local reparametrizations m = am(; ) and local supersymmetry transforma-
yNote that the κ{parameters in the form (3.21), (3.22) can also be used directly in (3.12). This would
lead to a more complicated form of a redened variation of the intrinsic metric gmn. See [9] for details
on this form of κ{transformations in the case of a supermembrane.
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tions −q = (; ). In d = 2 superspaces this can always be achieved starting from
the most general form of the supervielbeins, imposing suitable (supergravity) constraints
on the superworldsheet torsion and restricting the number of independent supervielbein
components by partially gauge xing the general worldsheet superdieomorphisms [122].
A suitable choice of M2;n geometry is as follows.
The constraints on the torsion TA = 1
2
eBeBTABC  DeA(z) (where the covariant exter-
nal dierential D = ABd+ ! AB (z) contains a tangent space connection) are
T−−−q;−r = −iqr; T++ = 0: (3.25)






e−q(zM ) = d−q; (3.26)











D−qem−q(z) form the vector{vector components of the inverse super-



























Note that em++ can be transformed to the component 
m
++ of the unit matrix by ap-




a . Therefore, e
m
++, and hence
e++m , are completely auxiliary. This allows one to consider an even simpler form [40] of
supervielbeins and covariant derivatives (3.26){(3.31). However, we prefer to keep em++
arbitrary since together with em−− (at 
−q = 0) they are identied with the components of
the worldsheet zweibein (3.1){(3.5).
In accordance with the torsion constraints (3.25) the supercovariant derivatives (3.27),
(3.28) are required to satisfy the ‘flat’ superalgebra
fD−q; D−rg = 2iqrD−−; fD−q; D−−g = 0: (3.32)
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−q D−p which include Weyl rescaling) by restricted superdieo-
morphisms whose innitesimal form is
m = m − 1
2
em−qD−q












where m(; ) and −−(; ) are independent worldsheet superfunction parameters. −−(; )
is a self{dual vector in the same sense as the ones in eqs. (3.15).
In the Wess{Zumino gauge D−qj=0 = @−q one can use local transformations with
parameters
D[−q1D−q2]
mj=0; :::; D[−q1   D−qn−1]mj=0
to put all components of em−q(z) to zero except for
1
n
D−qem−qj=0 = em−−(); (3.36)
which is a light{cone component of the inverse zweibein (3.2). In this gauge the con-
straint (3.33) is identically satised. If we then impose on the worldsheet zweibein the
conformal gauge ema (; ) = 
m
a , the covariant derivatives (3.27) and (3.28) become flat,
and the superdieomorphisms (3.34) reduce to the chiral (heterotic) superconformal (n; 0)
transformations
−−  ( − ) = −−(−−; −q)− i
2




++  ( + ) = ++(++):
We are now in a position to write down the superembedding condition for the N = 1,
D = 3; 4; 6; 10 superstring. It again prescribes that in the basis (3.26) the Grassmann
component of the superworldsheet pullback of the target space supervielbein Ea(Z) (2.20)
is zero
Ea−q(Z(z)) = D−qXa − iD−q Γa = 0: (3.38)
The only dierence between eq. (3.38) and the superembedding condition for the
N = 1 superparticles is that now D−q contains the zweibein components em−q(z).
The analysis of the superembedding condition (3.38) is carried out in exactly the
same way as the superparticle case (Subsection 2.5.3) and results in the same conclusions
[33, 40]:
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i) All higher components in the expansion of the superelds Xm(; ) and (; )
are expressed in terms of the leading components xm() and () which are dynamical
variables of the superstrings.
ii) The dynamical equations of motion (3.16) of xm() and () do not follow from
the superembedding condition.
iii) One of the Virasoro constraints (3.18) of the N = 1 superstrings appears as a
consequence of (3.38) which produces the Cartan{Penrose relation
qrEa−−  qr
(
D−−Xa − iD−− Γa
)
= D−q ΓaD−r (3.39)
) Ea−−E−−a = 0: (3.40)
iv) Because of the relation (3.39), the {symmetry (3.12) of the N = 1 Green{Schwarz
formulation (2 = 0) is identied with local worldsheet supersymmetry.
v) The superstring dynamical equations and the second Virasoro condition should be
derived from a worldsheet supereld action in N = 1, D = 3; 4; 6; 10 target superspace.








D−qXa − iD−q Γa
]
; (3.41)
where n = D − 2.
To this action one should, in principle, add a Lagrange multiplier term which takes
into account the superworldsheet geometry constraint (3.33), but since this constraint is
identically satised in the Wess{Zumino gauge (3.36) such a term is purely auxiliary and
does not contribute to the component superstring action [40]. We therefore skip this term.
As in the superparticle case the action (3.41) is invariant under the local transforma-
tions of the Lagrange multiplier





where the parameter qrs++(z) is totally symmetric and traceless with respect to the each
pair of the SO(n) indices q; r; s.
Again, as in the superparticle case, this symmetry allows one to reduce the number of
independent components of the supereld P−qa (z), and to express the remaining ones in
terms of components of (z) by solving the equations of motion
(D−q + i@mem−q)P
−q
a = 0; P
−q
a Γ
aD−q = 0: (3.43)
The action (3.41), however, does not describe the fully fledged N = 1, D = 3; 4; 6; 10
superstrings [137]. As we shall see in the next subsection, it describes so called null (or
tensionless) superstrings, extended objects which are characterized by having zero tension
and a degenerate worldsheet metric [130]. The reason is that we have not yet incorporated





Null strings [130] (and in general null (super)branes or tensionless branes) have at-
tracted certain attention from various points of view [131, 101, 132, 133, 134, 135, 102,
136]. As far as their properties are concerned the null strings are closer to the massless
particles than to the strings. Actually, they describe a continuum of massless particles
moving along a degenerate light{like surface [131, 135]. Moreover the null strings do not
need any critical dimension of space{time to live in [132, 133] and the null superstrings
[131, 134, 135], in contrast to the ordinary superstrings, do not require a Wess{Zumino
term to be {symmetric.
It has been assumed [101, 135, 136] that the null strings and branes may be regarded
as a high energy limit of the ordinary string thus providing a way for describing strings
beyond the Planck’s scale.
We now show that the action (3.41) describes null superstrings in N = 1, D = 3; 4; 6
and 10 superspaces [137].
For simplicity consider the case when the superworldsheet in (3.41) has only one
fermionic direction (i.e. n = 1). This case directly corresponds to an N = 1, D = 3
superstring but the action (3.41) with n = 1 describes N = 1, D = 4; 6 and 10 superstrings
as well, though in these higher dimensions only one of D − 2 {symmetries is manifest.
The form of the hidden  symmetries is exactly the same as in the case of superparticles
(2.72){(2.77).
Let us integrate (3.41) over the worldsheet fermionic variable and solve for algebraic
















(z)j=0; em−−() = D−em− (z)j=0:








where e−4() is a proportionality coecient with four ‘upper minus’ SO(1; 1) indices.
Eq. (3.45) implies that Ea−− satises the Virasoro constraint (3.40).
In addition the variation of (3.44) with respect to em−− gives
p−−a (@mx
a − i@mΓa) = 0; (3.46)
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which in view of (3.45) implies
en−−EanEma = 0: (3.47)
From eq. (3.47) it follows that (if en−− is nonzero, which we assume) the induced worldsheet
metric
Gmn = EamEna (3.48)
is degenerate
detGmn = 0:
This is a characteristic feature of the null strings and branes.





we can rewrite the action (3.44) so that it takes the form of the null superstring action











One gets exactly the same form (3.49) of the null superstring action from the action (3.41)
with n = D − 2, though, the procedure becomes a bit more complicated because of the
much greater number of auxiliary elds entering the initial supereld action.
Thus the doubly supersymmetric action (3.41) describes N = 1, D = 3; 4; 6; 10 null
superstrings. Note that in contrast to the Green{Schwarz action the null superstring
action (3.49) does not contain the Wess{Zumino term. However it is still {symmetric
(which is the relic of the linearly realized worldsheet supersymmetry of the action (3.41)).
The {symmetry transformations are










m = 2V mV n@n:
To get a doubly supersymmetric action for the fully fledged N = 1 superstrings we
should add to the action (3.41) a term which would generate the string tension and make
the worldsheet metric nondegenerate. Such a term should reproduce the Wess{Zumino
term of the Green{Schwarz formulation.
The treatment of the string tension as a dynamical variable has been discussed in
various aspects [101, 102, 103]. In particular, it allows one to construct superbrane actions
which are manifestly target{space supersymmetric [102, 138, 139, 103], i.e. do not contain
the standard Wess{Zumino term. The replacement of tension with the worldvolume p-
form eld is also useful when one deals with branes ending on other branes [138].
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3.2.2 String tension generating mechanism
Before considering the doubly supersymmetric case let us rst show how one can extend
the null superstring component action (3.44) to describe the standard N = 1 superstring.
This construction is similar to that of references [102] and is analogous to the super{
Maxwell coupling of the superparticles discussed in Subsection 2.6.
One introduces an ‘electromagnetic’ eld Am() on the superstring worldsheet and
constructs a worldsheet two{form which is invariant under the target space supersymmetry
transformations (2.19). The appropriate two{form is
F (2) = e−−e++Ea−−E b++ab + B(2) + dA: (3.50)
It includes the worldsheet pullback of the Wess{Zumino form (3.11) (where 2 = 0 because
we deal with N = 1), i.e.
B(2) = idxadΓa; (3.51)
and e++ = dme++m () and e
−− = dme−−m () are the light{cone components of the
zweibein (3.1), (3.2).







the vector eld Am() must also vary as
A = −i(dxa − i
3
dΓa)Γa
to cancel the variation of B(2) in (3.50).
The vector eld Am() should not be a new propagating worldsheet eld since our
aim is to describe the ordinary superstrings which do not carry such elds. Hence we
must require that on the mass shell Am() is expressed in terms of superstring dynamical
variables. This is achieved by assuming that the two{form (3.50) vanishes on the mass
shell, i.e.
dA = −e−−e++Ea−−E b++ab −B(2): (3.52)
Eq. (3.52) implies that the eld strength of Am() is not independent and hence does not
describe new redundant physical degrees of freedom. From eq. (3.52) it also follows that
its r.h.s. is a closed form, which is true for any two{form on a d = 2 bosonic manifold.







n Ea−−E b++ab + B(2)mn + @mAn
]
; (3.53)
where () is a Lagrange multiplier whose variation gives rise to eq. (3.52).
The extended action (3.44)+(3.53)
S = S0 + ST (3.54)
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If () is nonzero this symmetry allows one to eliminate p−−a on the mass shell when the
eqs. (3.45) hold.
Let us now see how the string tension appears, and the Green{Schwarz action is
recovered. Varying (3.53) with respect to Am we get
@m = 0 )  = T; (3.56)
where T is an integration constant.
If T is nonzero, and we substitute (3.56) into the action (3.53), the term mn@mAn
becomes a total derivative and can be skipped. As a result the action ST (3.53) reduces
to the N = 1 Green{Schwarz action (3.10) (with 2 = 0). The rst term of the Green{
Schwarz action is nothing but the rst term in (3.53), which can be checked using the
expressions (3.2){(3.6). We see that T is the string tension.
Moreover, when  (and hence T ) is nonzero the local transformations (3.55) allow one
to put p−−a satisfying (3.45) to zero. Thus the term S0 (3.44) drops out of the extended







n Ea−−E b++ab + B(2)mn
]
: (3.57)
On the contrary, when T = 0 the second term ST (3.53) disappears from (3.54) and it
reduces to the null superstring action (3.44). Therefore, eq. (3.54) is the generic action
which is nonsingular in the tensionless limit and describes superstrings with all values of
the tension.
Our next step is to lift the action ST on to the worldsheet superspace.
So now we consider the two{form (3.50) given on the superworldsheet M2;n, i.e. all
its ingredients depend on zM = (m; −q).
3.2.3 Weil triviality
An interesting observation concerning properties of the two{superform (3.50) on M2;n
was made in [33, 140].
The two{superform F (2) is closed on M2;n when the superembedding condition (3.38)
is satised. The closure of a two{form on M2;n is a nontrivial property because of the
presence of n Grassmann directions.
Let us check this property, but rst rewrite (3.50) in a more appropriate form
F (2) = Ea ^ e++E++a + B(2) + dA: (3.58)
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By denition of the pullback
Ea = e−−Ea−− + e++Ea++ + e−qEa−q; (3.59)
we see that if the superembedding condition Ea−q = 0 (3.38) holds, the form (3.58) coincides
with (3.50).
Then, in view of the denition of B(2) (3.51),





= −(dEa)e++E++a + Ead(e++E++a) + iEadΓad: (3.60)
Because of the target{space torsion constraint (2.21) and the expansion (3.59), the rst
term of (3.60) can be rewritten as





If the superembedding condition (3.38) and its consequences (3.39) and (3.40) are satised,
the last two terms of (3.61) vanish, and the rst term cancels the last term in (3.60).
By virtue of the worldsheet torsion constraints (3.25) and the superembedding condi-
tions (3.38){(3.40) the second term in (3.60) also vanishes
Ead(e++E++a) = e−−Ea−−e++e−qr−qE++a 
 e−−Ea−−e++e−qD++ ΓaD−q = 0: (3.62)
The transition to the expression after the similarity sign  has been made by getting the
expression for e++e−qr−qE++a as a component of the tangent space torsion constraint
(2.21), dEa = −idΓad, in the worldsheet supervielbein basis and taking into account
(3.25) and (3.38){(3.40).
We thus get
dF (2) = −qa Ea−q + −−fqrga D−rEa−q = 0; (3.63)
where  are some three{superforms.
The variation of F (2) with respect to the M2;n superdieomorphisms z0M = zM +
zM (; ) is
F (2) = d(iF (2)) + idF (2): (3.64)
Now take the integral of F (2) over the two{dimensional slice ofM2;n such that −r = 0,





Eq. (3.65) is nothing but the action (3.53) where () is replaced with T (the term with
Am() is a total derivative and can be skipped).
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The variation of (3.65) with respect to the worldsheet superdieomorphisms (3.64) is





Since dF (2) (3.63) is ‘proportional’ to the superembedding condition, the variation of ST
can be canceled by an appropriate variation of the Lagrange multiplier of the action (3.41)








possesses local n = D − 2 worldsheet supersymmetry though the second term is not an
integral over the whole superworldsheet. As we have learned in the previous subsection
the component version of this action describes N = 1, D = 3; 4; 6; 10 superstrings.
The doubly supersymmetric action in the form (3.67) was proposed in [33]. The
property of F (2) to be a closed superform up to the superembedding condition and the
corresponding nonmanifest superdieomorphism invariance of the action (3.67) was called
Weil triviality, a property which had been found to be useful for studying chiral anomalies
in super Yang{Mills theories [141]. Actually, the action (3.65) is a particular example of
the generalized actions of the group manifold (rheonomic) approach to the description of
supersymmetric eld theories [73] and superbranes [197].
3.2.4 Worldsheet superfield action
To make the action ST (3.65) manifestly supersymmetric on the superworldsheet one
constructs a Lagrange multiplier term [40] which produces the on{shell condition
F (2) = 0: (3.68)
The superstring action which includes such a term is












Ea[Me++NgE++a + B(2)MN + @[MANg
]
: (3.70)
[; g denotes graded antisymmetrization of the superworldsheet indices (i.e. if one or both of
the indices M;N are bosonic they are antisymmetrized, and if both of them are fermionic
they are symmetrized).
In addition to all symmetries discussed above the action (3.69) is invariant under the
local transformations of the Lagrange multiplier PMN
P [MNg = @L[LMNg(z): (3.71)
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Indeed, the variation of the ST term (3.70) with respect to (3.71) is
ST =
∫
d2dn[LMNg(dF (2))LMN ; (3.72)
where dF (2) has the form of eq. (3.63), and, hence, the variation (3.72) is canceled by an
appropriate variation of the Lagrange multiplier P−qa in (3.69).
Varying the action (3.70) with respect to AM we get
@MP
[MNg = 0; (3.73)
whose general solution is







where T is a constant.
The rst term in (3.74) can be put to zero by gauge xing the local transformations
(3.71). Then, substituting (3.74) (with ~ = 0) back into the action (3.69) we see that
upon the {integration it reduces to (3.67).
We have thus demonstrated that the worldsheet supereld action (3.69) describes the
N = 1, D = 3; 4; 6; 10 superstrings.
Note that in the case when the superworldsheet has only one fermionic direction, i.e.
when n = 1, there exists another form of the supereld action ST [33], which involves
only one Grassmann component B
(2)
−;++ of the M2;1 pullback of the two{form B(2) (3.51).
In this form the full action is
S = S0 + ST = −i
∫





where sdet(e) is the superdeterminant of the supervielbein matrix eAM (3.30).
In Subsection 3.2 (eqs. (3.38){(3.40)) we demonstrated that the superembedding
condition gives rise only to one of the superstring Virasoro constraints. The second
constraint, namely Ea++E++a = 0, arises as a result of the variation of the full action (in
any of its forms, (3.67), (3.69) or (3.75)) with respect to the supervielbein component em−−.
A completely ‘twistorized’ version of the doubly supersymmetric action for the N = 1
superstrings, where both Virasoro constraints have a twistor origin, was constructed in
[142].
3.3 Coupling to supergravity background
The generalization of the superstring action (3.69) to describe a superstring propagating
in curved target superspace introduced in Subsection 2.7 is almost straightforward [33, 40].
In (3.69) and (3.70) one should replace the flat supervielbeins with curved ones Ea−q ! Ea−q,
consider B(2)(Z) as a two{form gauge supereld, whose leading component Bmn(X) is
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the Neveu{Schwarz gauge potential entering the supergravity multiplet, and introduce a
dilaton supereld (Z) coupling by redening F (2)(Z) as follows
F (2)MN = eΦEa[Me++NgE++a + B(2)MN + @[MANg: (3.76)
The superstring action takes the form






d2dnPMNF (2)MN : (3.77)
By construction (3.77) is superdieomorphism invariant on the superworldsheet and in
the target superspace, and it must also be invariant under the variation (3.71) of the
Lagrange multiplier PMN . This means that the variation (3.72) of the action (3.77) must
be compensated by an appropriate variation of the Lagrange multiplier P−qa . For this,
dF (2) must have the form of the l.h.s. of eq. (3.63), i.e.
dF (2) = −qa Ea−q + −−fqrga D−rEa−q: (3.78)
Performing the direct computation of the external dierential of (3.76) one nds that




 = −2i(CΓa); (3.79)
and the components of the eld strength H(3) = dB(2) of the two{from gauge supereld
are constrained as follows
Ha = 2ie
Φ(Z)(CΓa) ; Hγ = 0 (3.80)
(where (Z) is the dilaton eld).
Thus, as in the case of the Green{Schwarz formulation, the consistency of coupling
the doubly supersymmetric strings to the supergravity background demands that the
superbackground obeys the supergravity constraints (3.79) and (3.80). In D = 10 these
constraints put N = 1 supergravity on the mass shell [128, 97].
3.4 Heterotic fermions
So far we have dealt with classical N = 1 superstrings in space{time of dimensions
D = 3; 4; 6 and 10. Quantum consistency of superstring theory singles out 10{dimensional
space{time. In addition, to be anomaly free a closed N = 1, D = 10 superstring should be
heterotic [143], i.e. it should contain extra (heterotic) matter on its worldvolume which
upon quantization produces an N = 1, D = 10 super{Yang{Mills eld AM(Z) taking
its values in the adjoint representation of the gauge group SO(32) or E8  E8. Such
worldsheet matter elds can be 32 chiral fermions  −A(), where ‘−’ is the chiral spinor
index of the d = 2 Lorentz group SO(1; 1) and A = 1;    ; 32 is the index of the 32{
dimensional vector representation of the target{space gauge group SO(32). Therefore,
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the chiral fermions can be minimally coupled to the SO(32) gauge supereld A
[AB]
M (Z).
Note that  −A() cannot be minimally coupled to a gauge eld of the E8  E8 group
whose lowest{dimensional representation is 496 = 2  248. The E8  E8 gauge elds
appear in heterotic string theory in a much more subtle way (see, for instance, [1]) and
we shall not describe them here.
Our aim now is to introduce the heterotic fermions into the superembedding approach.
In the Green{Schwarz formulation the heterotic fermion term, which is added to the






d2 −em−−()(@m − @mZMAM ) −: (3.81)
Varying (3.81) with respect to  − we get the equation of motion which has the form
of a chirality condition on  −
em−−(@m − @mZMAM) − = 0: (3.82)
In the conformal gauge em−−() = 
m
−− and when AM = 0 eq. (3.82) reduces to
@−− −A = 0 (3.83)
which implies that the heterotic fermions are worldsheet left{movers
 −A =  −A(++) =  −A( + ): (3.84)
For comparison let us note that in the conformal gauge the equations of motion of ()
deduced from the N = 1 Green{Schwarz action (3.57) imply that () are right{movers,
i.e.
 = (−−) = ( − ):







Therefore, they are inert with respect to the {transformations when the SYM background
is switched o (note that when N = 1, from (3.12){(3.15) it follows that e
m
−− = 0).
We would like to extend the heterotic fermion action (3.81) and the chirality condition
(3.82) to the superworldsheet formulation of the heterotic string whose N = 1, D = 10
target{superspace part is described by the action (3.69).
The generalization of the chirality condition (3.82) is straightforward. We consider the
heterotic fermions as worldsheet superelds Ψ−A(m; −q) and assume that on the mass
shell they satisfy the equation of motion[
D−q −D−qZMAM
]
Ψ− = 0; (3.86)
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where the covariant derivative D−q was determined in eq. (3.28).
It can be easily checked that in the Wess{Zumino gauge (3.36), eq. (3.86) reduces to
eq. (3.82), and hence, in the conformal gauge and in the absence of the SYM background,
the heterotic fermions Ψ− are chiral (3.84) and do not transform under the ‘left{moving’
conformal supersymmetry transformations (3.37), which is in agreement with their {
symmetry properties (3.85).
Note that, as usual, {symmetry, or (in the worldsheet supereld formulation) the
integrability of (3.86) requires the SYM constraints (2.117) and (2.118) on the background
gauge eld AM .
Now the problem is to get the equation (3.86) from a worldsheet n-extended superspace
action.




d2d−Ψ−(D− −D−ZMAM )Ψ−: (3.87)
When n = 2 there is a generalization of (3.87) in terms of complex chiral n = 2
superelds [33].
For the worldsheet supersymmetry formulation with n > 2 dierent forms of the
supereld action of chiral fermions were proposed [144, 145, 146]. The most elegant
formulation, which we shall sketch for n = 8, was proposed by P. Howe [145].
Let us split the 32{dimensional index A of  −A(z) into an index i = 1; :::; 8 and an
index A0 = 1; 2; 3; 4, and identify the index i with the index of the vector representation
of the group of internal isomorphisms SO(8) of the n = 8 worldsheet supersymmetry
(remember that −q transform under a spinor representation of SO(8)). The index A0
labels the vector representation of a target superspace gauge group SO(4) and A
[A0B0]
M (Z)
are now SO(4){gauge elds which the heterotic fermions can couple to. Note that the
possible minimal coupling of the heterotic fermions is now reduced from SO(32) gauge
coupling to SO(4) coupling. This is a shortcoming of the present formulation which,
however, seems to be akin to the general problem of directly coupling E8E8 gauge elds
mentioned at the beginning of this subsection.
Assume that o the mass shell the supereld  −iA
0
(z) satises the constraint
r^−q −i 
(
ijD−q − ! −i−q;−j − ijD−qZMAM
)
 −j = γiqq0P
q0; (3.88)
where ! −i−q;−j is an SO(1; 1)  SO(8) superworldsheet connection, the SO(8) gamma{
matrices have already been introduced in (2.94), and P q
0A0(z) is a supereld in the spinor
representation of SO(8) ‘dual’ to that of −q.
On the mass shell P q
0A0(z) should vanish and then eq. (3.88) reduces to the chirality
condition analogous to (3.86)
P q
0
= r^−q −i = 0; (3.89)
thus, providing us with the equations of motion of the heterotic fermions.
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It seems instructive to note that the constraint (3.88) resembles the superembedding
condition (3.38), and, indeed, (3.38) reduces to the exactly the same form when the local
worldsheet supersymmetry is gauge xed as in eqs. (2.99) and (2.100). To see this, take
the transverse part of (3.38) which, in view of eqs. (2.94){(2.100), is




− = 0; (3.90)
i = 1; :::; 8; q = 1; :::; 8; q0 = 1; :::; 8 :
The second term of (3.90) can be ‘absorbed’ by redening the transverse coordinate
X i = X^ i − i−pγipq0q
0
−, and we nally get
D−qX^ i = 2iγiqq0
q0
−; (3.91)
whose form is the same as that of the constraint (3.88).
The constraint (3.88) can be explicitly solved [145], the solution being in terms of an
unconstrained supereld V −8A
0
q0 (z) (with eight SO(1; 1) minuses)





where 7−q is a dierential operator of a 7-th power in r^−q whose explicit form the reader
can nd in ref. [145].
The action which gives rise to eq. (3.89) is
S =
∫
d2d8− sdet(e)V −8q0 P
q0; (3.93)
where under P q
0
one should imply eq. (3.88) with  −i being replaced by its ‘prepotential’
(3.92).
This completes the construction of the manifest doubly supersymmetric formulation
of the N = 1, D = 10 heterotic string, and we now briefly discuss the case of
3.5 Type II superstrings
As we have already mentioned at the end of Subsection 3.1, to replace the {symmetry of
the N = 2 superstring action in the Green{Schwarz formulation (3.10) with local world-
sheet supersymmetry one should deal with an (n; n) worldsheet superspace parametrized
by bosonic coordinates m (m = 0; 1) and 2n = 2(D − 2) worldsheet spinor coordinates
q ( = −;+; q = 1; :::; D − 2). The basic condition specifying the superembedding of
such a supersurface into an N = 2 target superspace parametrized by supercoordinates





where (as above) Dq is a spinorial covariant derivative on the worldsheet supersurface
and E
a
M are components of the target{space supervielbein.
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The content and consequences of this superembedding condition were analyzed in the
references [42, 45]. It was shown that in the case of an N = 2, D = 3 superstring the
superembedding condition does not contain dynamical equations of motion of the super-
string coordinates and, hence, a doubly supersymmetric action for the N = 2, D = 3
superstring can be constructed in the form analogous to those of the N = 1 superstrings
[33, 40]. In the case of IIA and IIB superstrings in ten{dimensional space{time the su-
perembedding condition contains the dynamical equations, which was demonstrated in
detail in refs. [42, 45]. This is similar to the appearance of the equations of motion in the
constraints of higher dimensional super{Yang{Mills and supergravity theories, as we have
mentioned above. In such cases standard supereld actions cannot be constructed, since,
for example, if one tried to introduce the superembedding condition into an action with a
Lagrange multiplier, Lagrange multiplier components would contain propagating (redun-
dant) degrees of freedom which would be provided with kinetic terms by the dynamical
equations contained in the superembedding condition.
Though the standard supereld actions cannot be constructed in the cases when the
superembedding condition puts a superbrane theory on the mass shell, in these cases the
superembedding condition contains exhaustive information about the classical dynamics
of the superbranes. This is very useful when one deals with new brane objects for which
a detailed worldvolume theory has not yet been developed, as it was, for instance with
D{branes, and especially with the M{theory ve{brane [50, 51].
We now leave the superstrings and, upon the discussion of general geometrical grounds
of (super)embeddingy, turn to the consideration of M{theory branes, the D = 11 super-
membrane and the super{5{brane, whose classical properties are completely determined
by the superembedding condition.
4 Basic elements of (super)surface theory
4.1 Bosonic embedding
Consider a (p + 1){dimensional bosonic surface Mp+1 embedded into a D{dimensional
curved bosonic target space MD.
A local orthogonal basis in the cotangent space ofMp+1 is given by a vielbein one{form
ea(m) = dmeam(); (4.1)
which transforms under the vector representation of SO(1; p). The matrix eam() and its
inverse ema () relate the local orthogonal basis on Mp+1 to the local coordinate basis dm.
yMathematically profound presentation of surface theory the reader may nd in [7], and its extension
to superembeddings in [45, 79].
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They have the following properties
eam()e
mb() = ab; ab = (−;+; :::;+);
eame
b
nab = gmn(); (4.2)
where gmn() is a metric on Mp+1.
We assume that the bosonic surface has zero torsion, i.e. its connection ! ab () =
dm! amb satises the condition
T a = dea + eb! ab = 0: (4.3)
Similarly, in the target space MD we introduce a local orthogonal cotangent basis
given by a vielbein one{form
Ea(xm) = dxmEam(x); (4.4)
which transforms under the vector representation of SO(1; D−1) and whose components
satisfy the conditions
EamE




ab = gmn(x); (4.5)
where gmn(x) is a metric on MD which is assumed to be torsion free as well
T a = dEa + EbΩ
a
b = 0: (4.6)
To embed the surface Mp+1 into the target space MD means to relate the intrinsic
geometry of Mp+1 to the geometry of MD. To this end we consider how the local MD





Eaa(x())  ema @mxmEam: (4.8)
Since the orthogonal frame Ea is determined up to the local SO(1; D−1) transformations,
rotating it by an appropriate SO(1; D− 1) matrix u ab (), it is alway possible to adapt its
pullback on Mp+1 in such a way that (up to a rescaling factor)
Ea  Ebu ab = ea; (4.9)
Ei  Ebu ib = ebEbbu ib = 0; (4.10)
where we have split the upper index of the SO(1; D − 1) matrix u ab into the index
a = 0; 1; :::; p (of the MD directions parallel to Mp+1) and the index i = 1; :::; D − p− 1
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(of the MD directions transverse to Mp+1). These indices are, respectively, the indices














cd = ab; u ca u
d
b cd = ab; (4.12)















The meaning of eqs. (4.9) and (4.10) is the following. When the surface Mp+1 is
embedded into MD the vielbein frame Ea of MD can always be chosen in such a way
that the pullback onto Mp+1 of p + 1 of its components coincides with a given local
frame ea() on Mp+1, and the other D − p − 1 components of Ea are orthogonal to the
surface. With such a choice one identies a subgroup SO(1; p) of the target space group
SO(1; D − 1)R acting on u ab on the right (see eq. (4.13)) with the group SO(1; p) of
rotations in the (co)tangent space of Mp+1.
Eqs. (4.9) and (4.10) are invariant under the transformations of SO(1; p) SO(D −
p − 1) of the group SO(1; D − 1)R (4.13). Thus, SO(1; D − 1)R is broken down to
SO(1; p)SO(D−p−1), where SO(D−p−1) acts in the subspace of MD transverse to
the surface Mp+1. Therefore, the SO(1; D − 1) matrix (4.11) which brings the pullback
of Ea to the form (4.9) and (4.10) is determined up to the SO(1; p)  SO(D − p − 1)
rotations. This means that its elements, which are called (Lorentz{vector) harmonics
[87, 88, 91], parametrize a coset manifold SO(1;D−1)
SO(1;p)SO(D−p−1).
We should stress that the left group SO(1; D− 1)L of (4.13), which is associated with
the local Lorentz transformations of the target{space vielbein (4.4), remains unbroken.
This ensures the Lorentz{covariant description of the embedding.
The equations (4.9) and (4.10) can be regarded as embedding conditions. Their struc-
ture reflects the fact that the embedded surface Mp+1 breaks the local Lorentz symmetry
SO(1; D − 1)R of the target space MD down to SO(1; p) SO(D − p− 1) acting in the
directions parallel and transversal to Mp+1. Eq. (4.9) denes the vielbein ea on Mp+1
as the vielbein induced by embedding. Using (4.5), (4.9) and (4.10) one can easily check
that Eaa dened in (4.8) are orthonormal
y
EaaEba = ab; (4.14)




yNotice that in the case of strings the eq. (4.14) is equivalent to the Virasoro constraints.
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Because of the orthonormality property (4.14) the components of Eaa can be identied
with the u aa components of the SO(1; D−1) harmonic matrix inverse to (4.11) (as usual,
the Lorentz indices are raised and lowered by the Minkowski metrics)
Eaa(x()) = u
a
a ()  abu bb ba: (4.16)
Remember that by virtue of (4.12) the matrix inverse to the orthogonal matrix u
a
b is
(u−1) ab = 
acu dc db  (u aa ; u ai ): (4.17)
To simplify notation we shall always skip the superscript \-1" of the components of the
inverse SO(1; D− 1) matrices when their lower index is decomposed into the SO(1; p)
SO(D−p−1) indices. This should not lead to a confusion if we keep in mind that only the
upper index of the ‘direct’ SO(1; D−1) matrices can be subject to SO(1; p)SO(D−p−1)
splitting, as in eq. (4.11).
We shall now show that the spin connection ! ab of the surface Mp+1 is related to the
pullback of the spin connection Ω
a
b of MD by local SO(1; D− 1) transformations of the
latter.
Consider the integrability condition of eq. (4.7) by taking the MD external covariant





brE bb  eb(du bb + u ab Ω ba ): (4.18)











b are SO(1; p)-valued components of the SO(1; D− 1) Cartan form
Ω
b
0a  d(u−1) ca u bc = −(u−1) ca du bc (4.20)
((u−1) ca was dened in (4.17)). Ω
b








0c = 0: (4.21)
The integrability of the Maurer{Cartan equations is the basis for relating (super)branes
to integrable systems [4, 5, 6, 8, 17]{[22].
As a generalization of (4.20) we also introduce a ‘covariantized Cartan’ form (which
is, of course, nothing but the Lorentz{transformed spin connection Ω on MD)
Ω^ ba  r(u−1) ca u bc = d(u−1) ca u bc + (u−1) ca Ω dc u bd : (4.22)
yRemember that the spin connections are antisymmetric with respect to the Lorentz{group indices.










a −ω cb u bc )u ab ,




u ab  0.
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Written in terms of the connection Ω^, the curvature two{form on MD













From (4.19), (4.22) and (4.24) it follows that the curvature R ba of the surface Mp+1 is
R ba  d! ab + ! ac ! bc = u ca R dc u bd − Ω^ ia Ω^ bi ; (4.25)





u ib  du ba u ib + u ca Ω dc u id ; Ω^ ai = −ijabΩ^ jb : (4.26)
Note that though only the target{space covariant derivative enters the expression (4.26)
for Ω^ ia , it is also covariant with respect to the local SO(1; p) transformations on the
surface, since the term with the surface spin connection is identically zero because of the






In surface theory the equation (4.25), which expresses the surface curvature in terms
of the target{space connection and curvature, is called the Gauss equation. The other
two determining equations of surface theory contained in (4.24) are the Codazzi and Ricci
equations (see [7, 6] for details). We shall present the explicit form of these equations for
superembeddings in the next subsection.
Note that when the target space is flat R ba = 0 and Ω
b
a can be gauge xed to zero,
the induced spin connection ! ba on Mp+1 coincides with the SO(1; p) components of the
Cartan form Ω0










0b in flat MD:
Let us now derive the restriction on components of Ω^ ia (4.26) which follows from the
integrability condition (4.18). To this end we multiply (4.18) by u ib , then the left hand
side of (4.18) becomes zero and we get
eaΩ^ ia = e
aebΩ^ ib;a = 0 ) Ω^ ib;a = Ω^ ia;b; (4.28)
which implies that Ω^ ia;b is symmetric in the SO(1; p) indices a and b. This symmetric
matrix is called the second fundamental form of the surface, and its trace hi = abΩ^ ia;b
characterizes average extrinsic curvatures of the surface in the target space [7, 6].
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To summarize, the conditions (4.9) and (4.10) whose integrability leads to eqs. (4.19),
(4.24) (containing (4.25)), and (4.28) completely determine the geometrical properties of
embedding a general (pseudo) Riemann surface Mp+1 into a (pseudo) Riemann manifold
MD in terms of the vielbein, connection and curvature forms of MD pulled back on to
Mp+1. In other words eqs. (4.9), (4.10), (4.19) and (4.28) determine the induced geometry
on the embedded surface.
From the physical point of view the induced geometry of the surface means that,
though the surface is a curved manifold and hence contains a (p+1){dimensional gravity,
this gravity is not ‘fully fledged’ in the sense that the graviton on Mp+1 is described by
the induced metric (4.15) and, hence, is a composite eld built from the worldsurface
scalars xm() y.
We would like the embedded surface Mp+1 to be associated with the worldvolume of
a p{brane. The worldvolume which describes the classical motion of the p{brane in the
target space is of a minimal volume. This is an additional condition of embedding Mp+1
which is equivalent to the p{brane equations of motion.
In the geometrical language the minimal embedding of Mp+1 is specied by the re-
quirement that the trace of the second fundamental form Ω^ ia;b determined in (4.26) and
(4.28) is zero
abΩ^ ia;b = 0; (4.29)
which implies that the average extrinsic curvatures of Mp+1 in MD are zero.
Let us now show that eq. (4.29) is equivalent to the p{brane equations of motion
which one gets, for example, from the Nambu{Goto action (1.2). Using the denition
(4.26) of Ω^ ia;b and the relations (4.16), (4.2), (4.5) and (4.15) we can rewrite eq. (4.29) as
follows





























where ra = ema (@m + @mxmΩm), and Γ
p
















In the square brackets of the last line of (4.30) one can recognize the standard equations
of motion of a bosonic p{brane propagating in a D{dimensional target space. In (4.30)
they are projected on to theD−p−1 directions transverse to the p{brane. This projection
reflects the fact that, because of the (p+1){dimensional worldvolume reparametrization
yAn interpretation of General Relativity as induced gravity in the worldvolume of a brane has been
discussed in [147].
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invariance, among the D equations obtained from the Nambu{Goto action (1.2) only
D − p − 1 transverse equations are independent, and these are explicitly singled out
by the geometrical embedding condition (4.29), (4.30), while the other p + 1 equations
(‘parallel’ to the brane) are identically satised. To see this let us in the last line of (4.30)
substitute u ib with u
c
b , which corresponds to projecting the equations of motion of x
m()
along the brane worldvolume. Then ‘moving’ in the direction opposite to that which we

















(rau ab )u ca − ema ! cmb
]
 0;
which is identically zero by virtue of the embedding condition (4.19) for the Mp+1 spin
connection.
Thus, in the embedding approach the bosonic p{brane equations of motion are de-
scribed by the minimal embedding condition (4.29) on components of the Mp+1 pullback
(4.22) of the target space connection form Ω^ ba .
We shall now generalize the results of this subsection to the description of superem-
beddings [45, 50].
4.2 Superembedding
Consider a supermanifoldMD;2n locally parametrized by supercoordinates ZM = (Xm;)
(m = 0; :::; D − 1;  = 1; :::; 2n). When MD;2n is flat the index  is associated with an
irreducible spinor representation of SO(1; D − 1) and, in addition, can also include an
internal index corresponding to N -extended supersymmetry, as in the case of the N = 2,
D = 10 superstrings (Section 3).
We assume that the supergeometry onMD;2n is such that it describes a D{dimensional
supergravity (see Subsections 2.7 and 3.3). This implies that the structure group of the






satisfy the torsion constraint (3.79).
We are interested in embedding into the target superspace MD;2n a supersurface
Mp+1;n locally parametrized by supercoordinates zM = (m; ). With such an embedding
we would like to describe the dynamics of superbranes whose n-dimensional {symmetry
is replaced by more fundamental worldvolume supersymmetry. So, we take a supersur-
face with the number of fermionic directions  which is half the number of the target
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superspace fermionic directions.y.
We should stress that the consideration of general properties of superembeddings car-
ried out in this subsection is schematic, as far as spinors and Γ{matrices are concerned,
since it is pretty hard to describe with one and the same set of exact formulae dierent
types of spinor representations (Majorana, Majorana{Weyl, simplectic{Majorana, etc.)
which are used in each given case of superembedding depending on D and p.
A local cotangent frame on Mp+1;n is given by the supervielbein
eA(z) = dzMeAM = (e
a; eq) (4.33)
whose components are transformed under vector and spinor representations of the struc-
ture group SO(1; p)SO(D−p−1) ofMp+1;n (remember that D is the bosonic dimension
of the target superspace). The index a = 0; 1; :::; p is the index of the vector representation
of SO(1; p), while  and q are the indices of irreducible spinor representations of SO(1; p)
and SO(D − p − 1), respectively, such that dimSpin(1; p)  dimSpin(D − p− 1) = n.
These requirements on the structure group of Mp+1;n and its spinor representations put
restrictions on the dimensions of supersurfaces which can be embedded into a given target
superspace. The analysis of possible superembeddings of this kind shows that they cor-
respond to all known superbranes (super{p{branes, D{branes and M{branes) and their
dimensional reductions (possibly accompanied by a dualization). This results in a brane
scan [50] similar to the standard one [149].
At the moment we do not make any assumption concerning the supergeometry of
Mp+1;n, since, as we shall see, it is determined by the superembedding condition.
Consider the pullback on to Mp+1;n of the MD;2n supervielbein EA
Ea = eAe MA @MZ
ME
a
M  eaEaa + eqEaq; (4.34)
E = eAe MA @MZ
ME

M  eaEa + eqEq; (4.35)
where e MA (z) is the supervielbein matrix inverse to e
A
M (z).
As in the bosonic case we postulate that the superembedding is such that with an
appropriate choice of the local frame ea on Mp+1;n and by the use of local SO(1; D − 1)
rotations (4.11){(4.13) one can direct the vector component pullback (4.34) of Ea on the
supersurface such that
Ea  Ebu ab (z) = ea(z); (4.36)
yOne can study the embedding of a more general class of supersurfaces with the dimension df of
the odd (fermionic) subspace being less than n. As we have seen with the examples of superparticles
(Subsection 2.5.4) and superstrings (Subsection 3.2.1), such embeddings may also describe superbranes
which preserve half of the target{space supersymmetries, but there may exist superembeddings which
describe BPS states preserving a lower number of target space supersymmetries. Let us also mention that
the embedding of supersurfaces with df > n, in general, seems to be too restrictive to describe physically
interesting models (see, however, [148]).
68
Ei  Ebu ib (z) = ebEbbu ib = 0: (4.37)
Eqs. (4.34), (4.36) and (4.37) imply that ea(z) is the induced supervielbein on Mp+1;n




But what is most important, in view of (4.34){(4.37), we get the basic superembedding
condition
Eaq  eMq@MZMEaM = 0: (4.39)
Thus, the superembedding condition (4.39) is a natural consequence of the embedding
carried out in such a way that the bosonic cotangent subspace of Mp+1;n is a subspace
of the bosonic cotangent subspace of MD;2n. Alternatively, eq. (4.39) implies that the
fermionic tangent subspace of Mp+1;n is a subspace of the fermionic tangent subspace of
MD;2n.
The embedding conditions (4.36), (4.37) and (4.39) imply that (as in the bosonic case
(4.15)) the supersurface metric
gmn(z)  e ame bn ab = @mZMEaM@nZNEbNab = EamEna (4.40)
is the induced metric.
In addition to the vector components the supervielbein (4.32) contains the spinor
components (4.35). When the vector components are transformed by the SO(1; D − 1)
matrix u
a
b , the spinor components must be simultaneously transformed by a matrix v


of the spinor representation of SO(1; D−1). The matrices u ab and v  are related to each





b  v γ Γav

 : (4.41)
Eq. (4.41) implies that u
a
b are composed of v

 , which have D(D − 1)=2 independent
components corresponding to D(D − 1)=2 independent generators of Spin(1; D − 1).
The choice of the Γ{matrices depends on the dimensions D and p, but for the embed-
ding under consideration they can always be schematically represented by the following
SO(1; p)  SO(D − p − 1) invariant set of matrices (compare with eq. (2.94)). In the






 ; a = 0; 1; :::; p ; (4.42)






 ; i = 1; :::; D − p− 1 ; (4.43)
69
where γa are d = p + 1 γ{matrices, and the matrices γ
i
qq0 obey the SO(D − p − 1)
Cliord algebra, the indices q and q0 corresponding to (in general non{equivalent) spinor
representations of SO(D− p− 1). Note that in (4.42) and (4.43) the SO(1; D− 1) spinor
indices ,  split into the SO(1; p)  SO(D − p − 1) spinor indices (q) of the Mp+1;n
odd subspace and the SO(1; p) SO(D− p− 1) spinor indices 0 := (q0) ‘transverse’ to
the supersurface.




















; where v 
0
  v;q0: (4.45)
In the same way as we have done with the vector basis (4.36), we can always make a
choice of a spinor basis eq on Mp+1;n such that
Evq = e
q; (4.46)





























q (z)  hq;q0(z); (4.50)















0 we have dened the components of the matrix
(v−1)  
(


















−1) ab  (v−1) γ Γa(v−1)

 : (4.53)
Note that the embedding conditions (4.36), (4.37), (4.46) and (4.49) are dened up to
the local SO(1; p)  SO(D − p − 1) rotations which reduce the number of independent
components of u
a
b (z) and v

 (z) from D(D − 1)=2 down to D(D − 1)=2 − (p + 1)p=2 −






 (z) are, respectively, Lorentz{vector and Lorentz{spinor harmonics
which parametrize the coset space SO(1;D−1)
SO(1;p)SO(D−p−1) [92, 93, 45].
As we shall see in Section 5 the physical meaning of the supersurface eld h 
0
q (z)
is that it appears in (4.49) due to the presence of gauge elds on the worldvolume of
superbranes, such as Dirac{Born{Infeld vector elds of the D{branes and the self{dual
antisymmetric gauge eld of the M{5{brane. h 
0
q (z) is expressed in terms of the eld
strengths of these elds [50, 51, 197].
For the ordinary super{p{branes (where there is no worldvolume matter other than
scalar and spinor elds associated with the transverse oscillations of the brane in the target
superspace) h 
0
q (z) is either auxiliary (as in the case of an N = 1, D = 4 supermembrane
[70]) or zero [45]. We shall demonstrate this for the N = 1 superparticles and superstrings
in the next subsection, and for the D = 11 supermembrane in Subsection 5.1.
We now consider the consequences of the superembedding conditions (4.36){(4.39),
(4.46){(4.51) for the properties of the induced supergeometry ofMp+1;n. As in the bosonic
case (eq. (4.18)), we take the MD;2n external dierential r = d+ Ω of the vector super-
vielbein pullback (4.34). Then, in view of (4.38), (4.39) and the target space supergravity
torsion constraint
T a  rEa = dEa + EbΩ ab = −iEΓaE; (4.54)
where all other components of the two{form T a are (conventionally) put to zero y, we get







Remember that T a = 1
2
eBeAT aAB = de






From (4.55) it follows that (up to an appropriate redenition of T a) the Mp+1;n spin
connection ! ab can always be identied with ru bb u ab , as in the bosonic case (4.19)
! ab = ru bb u ab  (du bb + u ab Ω ba )u ab  Ω^ ab : (4.56)
Then (4.55) reduces to
T a  1
2
eBeAT aAB = −iEΓaEu aa  T au aa (4.57)
and
earE ba u ib = earu ba u ib  eaΩ^ ia = −iEΓaEu ia : (4.58)
The equations (4.57) and (4.58) are the integrability conditions of the superembedding
conditions (4.37), (4.39), (4.46) and (4.56).
yProvided that the basic torsion constraint T a = −2iΓa is imposed, all other torsion constraints
are derived by solving for the torsion Bianchi identities. In addition, by redening the supervielbeins
and superconnection one can always put all components of T a except for T a to zero (see [151]{[154],
[128, 127, 129] for a detailed analysis of supergravity constraints in various dimensions).
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In particular, eq. (4.57) implies that the superembedding conditions (4.39), (4.46) and
(4.56) require the supersurface torsion to satisfy constraints, whose form depends on the
concrete superembedding under consideration [45] (see Section 5).
Thus, if target space supergeometry is constrained to be of the supergravity type, the
superembedding induces supergeometry on the supersurface such that it corresponds to
a worldvolume (induced) supergravity. The supermultiplet of the induced supergravity
includes the graviton and gravitino which are composed from components of a worldvol-
ume matter supermultiplet. The matter supermultiplet consists of the D − p − 1 scalar




of the brane transverse fluctuations, and it may
also contain worldvolume gauge elds (as in the case of the D{branes and the M5{brane).
Let us now briefly discuss the consequences of the integrability equation (4.58). In
each given case of superembedding, eq. (4.58) allows one to nd out whether or not the
superembedding condition (4.39) contains the superbrane equations of motion.
From eq. (4.58), in view of (4.41), (4.43), (4.46) and (4.49), it follows that, as in the
bosonic case (4.28), the vector component of the superform Ω^ ia = e
AΩ^ iA;a is symmetric
with respect to the SO(1; p) vector indices
eaebΩ^ ib;a = 0; ) Ω^ ib;a = Ω^ ia;b: (4.59)
By analogy with the bosonic embedding we can identify Ω^ ia;b  e Ma @MZMrMEaau ia with
















A  (u ia ; v 
0






A  0; 0 = (r0)
In many cases of embedding Mp+1;n into MD;2n the integrability conditions of (4.39)
require additional restrictions on the components of Ω^ iA;a, such as a (possibly inhomoge-
neous) analog of the tracelessness of its vector part abΩ^ ib;a = 0, which is equivalent to the
bosonic eld equations (4.30), and the condition on the spinor part of the following type
[94, 45]
(γa)Ω^ iq;a = 0: (4.61)
As we shall see in the next section, eq. (4.61) amounts to the fermionic eld equations,
and, hence, is a superembedding counterpart of the bosonic minimal embedding condition
(4.29).
Therefore, when integrability requires (4.61) or its inhomogeneous generalization due
to the structure of the supergravity background, the superembedding condition (4.39) (or
equivalently (4.36) ) contains the equations of motion of the corresponding superbrane.
This is in contrast to the bosonic embedding where the minimal embedding condition
(4.29), being equivalent to the dynamical equations for the bosonic brane, is always im-
posed as an additional condition.
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Note that eq. (4.61) is a generic minimal superembedding condition, and it can be
also used (as an addition condition) to nd the superbrane equations of motion in the
cases where the basic superembedding condition (4.39) is o{shell.
To nd out whether the superembedding condition (4.39) puts a given superbrane
theory on the mass shell one should examine each case separately. In the next section we
shall make such an analysis for the M{theory branes.
To conclude the description of the induced supergeometry ofMp+1;n we should identify
the SO(D − p − 1) connection A rq = dzMA rMq (z) = 14Aij(γij) rq acting on the spinor
components eq of the Mp+1;n supervielbein (4.33). Note that the Spin(1; p) connection
!  (z) is given by the standard relation











To nd the form of A rq let us take the MD;2n external dierential r of eq. (4.35) and
multiply the result by v r . In view of eqs. (4.47){ (4.51) we get
T v r = T
r + ea(rEa )v r + eqh 
0
q (rv0)v r (4.63)
+ eq
[
(rvq)v r −  rq !  −   A rq
]
;
where T r  der + er!  + eqA rq is the spinor component of the Mp+1;n torsion form.














where Ω^ab and Ω^ij are components of the target{space connection form dened in (4.22)
and (4.56).
In eqs. (4.56) and (4.62) we have identied !ab with Ω^ab. Then from eqs. (4.63) and
(4.64) it follows that we can identify the SO(D− p− 1) connection form on Mp+1;n with
Ω^ij y, i.e.






and eq. (4.63) reduces to the expression dening T r as the induced torsion of Mp+1;n
T r = T v r − ea(rEa )v r − eqh 
0
q (rv 0 )v r : (4.66)
The curvature forms associated with the induced connections ! ba and A
j
i are ob-
tained by taking the corresponding components of the pullback (4.24) of the target space
curvature. R ba has the form similar to the Gauss equation (4.25)
R ba  d! ba + ! ca ! bc = u ca R dc u bd − Ω^ ia Ω^ bi ; (4.67)
yOur choice of the supersurface connections (4.62) and (4.65) is such that [(d+Ω+ω+A)v

q ]v r  0
(see also the footnote to eq. (4.19)). This diers from the choice of refs. [51, 52] where the form of





and R ji is determined by the so{called Ricci equation
R ji  dA ji + A ki A jk = u ci R dc u jd − Ω^ ai Ω^ ja : (4.68)
The last equation contained in (4.24) is the Codazzi equation which species the form of
the supersurface covariant dierential of Ω^ ia
DΩ^ ia  dΩ^ ia + ! ba Ω^ ib + Ω^ ja A ij = u ca R dc u id : (4.69)
From eq. (4.69) we see that in the flat target (super)space (R = 0) the (super)embedding
is such that the external covariant dierential of Ω^ ia on the (super)surface vanishes.
To summarize, the equations (4.36), (4.37), (4.46), (4.56) and (4.65){(4.69) completely
determine the induced geometrical properties of the embedded supersurface in terms of
the pullbacks of the target{superspace supervielbein and superconnection adapted to the
supersurface by the use of the Lorentz harmonics.
Note that, analyzing the general properties of the superembedding, we have from the
beginning imposed the constraints (4.54) on target{superspace geometry, which we nd
more instructive. But instead of introducing the target{superspace constraints, we might
from the beginning specify the supergeometry on the supersurface. Then the constraints
on the geometry of target superspace would arise as consequences of the integrability of
the superembedding condition.
These two initial options of choosing the superspace constraints for studying the su-
perembeddings are equivalent, and depending on the problem considered it is convenient
to use one option or another.
This equivalence follows from the general property of the basic superembedding con-
dition (4.39). If we only impose this condition and do not assume any constraints on the
supersurface and target{superspace torsion, the spinor components of the torsion T a and










which can be easily derived from (4.34) by taking the covariant external dierential of
both of its sides and taking into account (4.39).
We shall now demonstrate how in the generic case to extract {symmetry transfor-
mations from general local superdieomorphisms of the embedded supersurface [27, 45,
72, 51, 52, 70].
4.3 –symmetry from the point of view of superembedding
As we have already mentioned (see eqs. (1.4), (2.26) and (3.12) as examples) for all known
superbranes in the Green{Schwarz{type formulation the {symmetry transformations of




















 is a spinor projection matrix specic to each type of superbranes.
At the same time, in the superembedding approach ZM(zM ) (zM = (m; )) are
worldvolume superelds transformed as scalars under the Mp+1;n superdieomorphisms






Multiplying (4.73) by E
A



















M)  zMeAMEaA: (4.75)







Comparing (4.76) with (4.72) we see that to get {symmetry transformations from
the worldvolume superdieomorphisms we should consider such variations of zM for which
the Grassmann{even superdieomorphisms are zero




Then only the Grassmann{odd part zMeqM of the Mp+1;n superdieomorphisms con-







Since zMeqM are arbitrary variations we can (without losing generality) replace them
with
zMeqM  (z)v q : (4.79)




























 ). This projector can be
identied (possibly, up to linear transformations) with 1
2










We conclude that the leading ( = 0) components of the innitesimal superdieo-
morphisms (4.80) and (4.77) yield the {symmetry transformations (4.71) and (4.73).
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Here it is also the place to note that in the superembedding formulation of the super-
branes we have not introduced Wess{Zumino terms as independent objects. The reason
is that in superbrane actions the Wess{Zumino term is introduced to ensure the nonman-
ifest {symmetry of the worldvolume action, while in this formulation the construction is
manifestly worldvolume superdieomorphism invariant. In the superembedding approach
the Wess{Zumino term shows up in the structure of the bosonic equations of motion,
which we will see with the examples of the M{theory branes.
4.4 N = 1, D = 10 superparticles and superstrings from the
general perspective of superembedding
Let us now connect the general properties of the superembeddings considered in the
previous subsection with the doubly supersymmetric description of N = 1, D = 10 su-
perparticles and superstrings given in Sections 2 and 3. Superembeddings which describe
superparticles have been discussed in [150], and the N = 1; 2, D = 10 superstrings have
been studied in [45].
In these cases the target superspace is M10;16 (for simplicity, we take it to be flat),
and the embedded supersurface is Md;8 (where d = 1 for the superparticles and d = 2 for
the superstrings).
The target{space structure group SO(1; 9) is broken by the presence of the super-
particle or the superstring down to SO(1; 1)  SO(8). The explicit realization of the
Γ{matrices (4.42) and (4.43) is given by eq. (2.94), with the matrices CΓ0 and CΓ9, or
CΓ = C(Γ0  Γ9) corresponding to the SO(1; 1) subgroup of SO(1; 9). The indices
a = (−−;++) and  = (−;+) are, the lightcone indices of the vector and the spinor
representation of SO(1; 1), respectively. In the case of the superparticle the worldline co-
ordinate  is identied with the coordinate −− of the superworldsheet m = (−−; ++).
And recall that the odd coordinates −q of Md;8 are one{component worldline or world-
sheet (chiral) spinors.





















The harmonics parametrize the coset space SO(1;9)
SO(1;1)SO(8) .












In (4.84) we can recognize the Lorentz{covariant version of the splitting of Dq
 discussed
in eqs. (2.95){(2.99), when we made the analysis of the superembedding condition for the
N = 1 superparticle.
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This, of course, breaks both the right and the left SO(1; 9) group associated with the
Lorentz harmonics (see eq. (4.13) and below) and, hence, breaks the manifest target{
superspace covariant description of the superembedding. Then, for instance, eq. (4.48)
reduces to eq. (2.99).
Furthermore, comparing (4.49) with (2.5.47) and (2.103) (where   −−) we nd that
h−q;−q0 = γiqq0E i−−; (4.85)
where E i−− are ‘transverse’ components of the vector supervielbein pullback Ea−− = @−−Xa−
i@−− Γa (2.103).








 ) we do not (in general) have the
embedding condition (4.37) (i.e. E i−− 6= 0) for an adapted local frame such that
E b−−u ib = 0: (4.86)
To get (4.86) we must perform an appropriate SO(1; 9) transformation of Ea−−, as has
been explained in the previous subsections. Once this has been done, the tensor h−q;−q0
(4.85) vanishes.
Thus, in the case of the N = 1 superparticles and superstrings, when the pullback of
the target{space supervielbein EA is adapted (by the Lorentz harmonics) to the super-
worldline or the superworldsheet such that eqs. (4.36), (4.37) and (4.46) are satised, the
h{component of E

−q is zero and (in the flat target superspace) we have
E−q  D−q = v −q: (4.87)
From (4.87) it follows that its leading (−q = 0) component, which is the commuting
spinor variable 







And from (4.38) it follows that
Ea−−  @−−Xa − i@−− Γa = u a−− (4.89)
coincides with a light{like component of the inverse Lorentz{vector harmonics.
Using the dening harmonic relations (4.53) one can convince oneself that Ea−− and





In the Subsection 2.5.4 we have demonstrated that in D = 10 the independent compo-
nents of the matrix E−q parametrize the S8 sphere, while from eq. (4.87) we see that E−q
coincides with components of Lorentz harmonics v

−q (which are new auxiliary variables
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+q0) parametrize larger (16{dimensional) coset space
SO(1;9)
SO(1;1)SO(8) . There-
fore, there should be an additional local symmetry which allows one to reduce the number
of independent components in (v−1)

 from 16 to 8.
This symmetry indeed occurs since half of the harmonics, namely v

+q0 , do not enter
the relations dening the pullback of the target{space supervielbein (4.87), (4.89). Hence,
we can vary the form of v

+q0 in a way which keeps the harmonic condition (4.53) intact.
The allowed variations have the form of boost transformations Ki
v


























where Ki++(z) are eight independent parameters.
Therefore, we see, from a somewhat dierent point of view, that in the case of the
N = 1, D = 10 superparticles and superstrings the commuting (harmonic or twistor{like)




[SO(1; 1) SO(8)]⊗S Ki ;
where the stability subgroup is the semidirect product of SO(1; 1)SO(8) with the boost
transformations Ki (4.90).
We conclude that the doubly supersymmetric formulation of N = 1 superparticles
and superstrings, which we have developed in Sections 2 and 3 on dynamical grounds,
completely ts into the general geometrical picture of superembeddings.
Let us now apply the general properties of superembedding to the description of M{
branes.
5 M–theory branes
M{theory [16] is a D = 11 theory whose low energy limit is D = 11 supergravity [155]
and which also contains supermembranes [9, 156] and super{5{branes [10] as part of its
nonperturbative spectrum.
The D = 11 supergravity multiplet consists of the graviton eam(x), the gravitino  

m(x)
and the antisymmetric 3{rank gauge eld Almn(x), which are leading components of
the supervielbein Ea(X;), E(X;) and the three{form A(3)(X;), respectively (a =
0; 1:::; 10;  = 1; :::; 32).
The supermembrane minimally couples to the gauge eld A(3), as superstrings mini-
mally couple to the Neveu{Schwarz eld B(2) (3.10). The Green{Schwarz{type superme-












mEna, and the tension is put equal to one).
The super{5{brane minimally couples to a six{form gauge eld A(6) whose seven{form
eld strength F (7) = dA(6)−A(3)dA(3) is dual to the four{form eld strength F (4) = dA(3)
of A(3). The 5{brane also (nonminimally) couples to A(3) via the extended self{dual eld
strength
H(3)() = db(2) −A(3)(Z()) (5.2)
of an antisymmetric eld bmn() living in the worldvolume of the 5{brane [157]. In this
sense the 5{brane is a dyonic object. The form of the 5{brane supergravity coupling
is uniquely dened by local symmetries of the 5{brane worldvolume action which are
responsible for the self{duality properties of bmn() [158]. The ‘Born{Infeld{like’ super{














db(2) ^ A(3)); (5.3)
where gmn() = E
a
mEna, Hmn  Hmnlvl(), Hmn  1p−g mnll1l2l3vlHl1l2l3 and vl() =
@la()p
−(@a)2 is the normalized derivative of the auxiliary scalar eld a() which ensures the
covariance of the 5{brane action, its construction being based on a generic method for
the covariant Lagrangian description of duality{symmetric elds proposed in [159, 160].
A duality{symmetric component action for D = 11 supergravity, which includes both
gauge elds, A(3) and its dual A(6), and which thus couples to both the membrane and
the 5{brane, was constructed in [161]. This action reduces to the Cremmer{Julia{Scherk
action [155] when the eld A(6) is eliminated by solving for an algebraic part of the duality
relations between F (7) and F (4).
The {symmetry of the supermembrane and the super{5{brane worldvolume actions
requires the superbranes to propagate in target{superspace backgrounds whose superge-
ometry is constrained to be that of D = 11 supergravity.
In the case of the superspace description of D = 11 supergravity the constraints









C , and on the dual eld strengths F
(4)(Z) and F (7)(Z) have
the following form [127, 129]


































Ea4 :::Ea1Fa1:::a4 ; (5.7)
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Ea1 :::Ea5 EΓa5:::a1E +
1
7!
Ea7 :::Ea1Fa1:::a7 ; (5.8)






The constraints (5.4){(5.9) are on–shell D = 11 supergravity constraints since they
imply the D = 11 supergravity equations of motion (which can be alternatively obtained
from the D = 11 supergravity component actions [155, 161]).
Note that in D = 11 we deal with 32{component Majorana spinors Ψ = (Ψ
T )C
where C is the charge conjugation matrix, and we can use C and its inverse (C
−1) =
−C = −C to lower and raise the spinor indices. Then the following antisymmetric








are symmetric in the spinor indices.
We are now in a position to describe the M-branes by applying the superembedding
methods of Section 4.
5.1 The supermembrane
The superembedding of the D = 11 supermembrane was rst analyzed in [45].
The target superspace M11;32 is that of D = 11 supergravity and the embedded
supersurface M3;16, associated with the supermembrane worldvolume, is characterized by
a local supervielbein basis eA(z) = (ea; eq) (a = 0; 1; 2;  = 1; 2; q = 1; :::; 8) transformed
under the action of SO(1; 2) SO(8). The d = 3 spinors are two{component Majorana
spinors.
An appropriate form of the D = 11 Γ{matrices (4.42), (4.43), which reflects the















where ~γiq0q  γiqq0 are the SO(8) Γ{matrices, γa  γγaγ are symmetric, and the
d = 3 Γ{matrices γaγ were dened in eq. (2.49). The d = 3 spinor indices are raised
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and lowered by the unit antisymmetric matrices  and 
 , and the SO(8) indices are
raised and lowered by the unit matrices qr, q0r0 , so that there is no distinction between
the upper and lower SO(8) indices. (Recall that the unprimed index q and the primed
index q0 correspond to dierent spinor representations of SO(8)).
Induced supergeometry on M3;16 is described by the general superembedding condi-
tions (4.36){(4.39), (4.46){ (4.51), (4.56){(4.59) and (4.65).
We shall now analyze whether in the case under consideration their integrability puts
additional restrictions on the form of the supervielbein pullback (4.49) and on components
of the one{form Ω^ ia = e
AΩ^ iA;a in (4.58). Remember that Ω^
i
A;a is related to the second
fundamental form (4.28), (4.60) of the (super)surface, and if its components satisfy addi-
tional conditions, such as eqs. (4.29) and (4.61), these reproduce (super)brane equations
of motion, as eq. (4.30) in the bosonic case.
Consider in more detail the equation (4.58). Making use of the harmonic relations
(4.41), the form of the D = 11 Γ{matrices (5.11), (5.12), and the equations (4.46), (4.49),
we can rewrite eq. (4.58) in the following form
eaΩ^ ia = e








  : (5.14)
(Recall that E ba = u
b
a , see eq. (4.38) ).
Comparing the left{ and right{hand sides of (5.14) we nd that
eaebΩ^ ib;a = 0 ! Ω^ ib;a = Ω^ ia;b = rbE ba u ib ; (5.15)








r; = −γirq0h q
0
q; : (5.17)
Let us analyze eq. (5.17). It implies that the matrix γiqq0h
q0
r; is antisymmetric with
respect to the pair of the indices (r) and (q).
A general matrix hr;q0 is decomposed in the basis of the elements of the SO(8) and






























q0r ) + (q $ r) = 0: (5.20)
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we nd that eqs. (5.19) and (5.20) imply that all components of the matrix (5.18) vanish
hr;q0 = 0: (5.21)
Hence, in the case of the supermembrane eq. (4.51) for the spinor components E

q of the








This, in particular, means that the induced superworldvolume torsion (4.57) obeys the
standard d = 3, n = 8 supergravity constraint
T aq;r = −2iqrγa; (5.23)
which follows from (4.57), (4.41), (5.11) and (5.22).
The vanishing of the h{matrix (5.21) also implies that, in view of the D = 11 super-
gravity torsion constraint (5.5), the purely spinor components of the superworldvolume
torsion T q dened in (4.66) are zero
T qr;γs = 0: (5.24)
In turn, the torsion constraints (5.23) and (5.24) imply that the covariant spinor
derivatives DA  eMA @M + !A + AA of the superworldvolume satisfy the algebra
fDq;Drg = 2iqrγaDa +Rqr(z); (5.25)
where R Bqr;A (z) are components of the superworldvolume curvature (4.67), (4.68).
5.1.1 The fermionic equation
Applying the covariant derivative Dr to eq. (5.22), symmetrizing the result with respect
to r and q, and making use of the basic superembedding condition (4.39), the torsion
constraint T

γ = 0 (5.5) and the superalgebra (5.25) we get
DrEq +DqEr = 2iqrγaE






= Drv q +Dqv r : (5.26)
Then multiplying eq. (5.26) by v γq
0












 + (q $ r): (5.27)
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(Remember that rr is the spinor component of the pullback of the external target{space
dierential r = d+ Ω and Ω  = 14Ωab(Γab)

 ).
Making use of the harmonic relations (4.41), (4.53) and the representation (5.11),
(5.12) of the Γ{matrices, one can show that
(rrv q)v γq0 =
1
4









Substituting (5.28) into (5.27) and taking the trace of its left and right hand side with











On the other hand, let us take the earlier found relation (5.16) and multiply it by
(γa)  and γ
q0r





 = −Ω^ ir;a (γa)  γ rq
0
i : (5.30)
Comparing (5.30) with (5.29) we see that their right hand sides have dierent coecients
and, hence, are zero. We thus get the additional restriction on components Ω^ ir;a of the







 = 0; (5.31)
or, in view of (5.16),
Ω^ ir;a (γ
a) = rrEbau ib (γa) = 0: (5.32)
Eq. (5.31) is nothing but the 16{component Dirac{type fermionic equation of mo-
tion of the D = 11 supermembrane [9] written in the Lorentz{harmonic form [133] and
promoted to the worldvolume superspace [45]. To see this let us rewrite (5.31) in a form
similar to the fermionic equation which one derives from the supermembrane action (5.1).
First of all notice that, with the use of the harmonic relations (4.53), the form of the









eq. (5.31) can be presented in the following form
(γa)  E







q0 = 0 (5.33)
























where, because of the projector
1
2









  v q v q (5.35)
in which one can recognize the {symmetry projector of eq. (4.80). Thus {symmetry
insures that among the 32 equations in (5.34), only 16 are independent. And these 16
equations reduce the number of the fermionic physical modes of the supermembrane down
to 8.
Using the eqs. (4.38), (4.41), (4.53), (5.11) and (5.12) it is not hard to verify that the
matrix Γ dened in (5.35) has exactly the same form as in the {symmetry projector and




abcΓabc; where Γa = E
a
aΓa (5.36)
(Note that the Lorentz harmonics have disappeared from eq. (5.36).) Thus, at ( = 0)
the worldvolume supereld equation (5.34) (which is the consequence of (5.31) ) reduces
to the standard fermionic component equations of the supermembrane. To show this one
should choose the Wess{Zumino gauge (see, for instance, [123]) for the components of the
inverse supervielbein e MA (z)j=0 on the supersurface such that
e MA (z)j=0 =
 e ma () − ra ()










Eaa j=0 = ema ()@mZMEaM j=0  ema ()Eam(Z()); (5.38)
Ea v;q0j=0 = ema ()@mZMEMv;q0j=0  ema ()Em(Z())v;q0(): (5.39)
And the worldvolume gravitino eld  qa () (5.37) is express in terms of E

m(Z())





due to the superembedding condition (4.47).















5.1.2 The bosonic equation
Once the supermembrane fermionic equations are implied by superembedding, we can
expect that (because of supersymmetry) also the bosonic equations should appear. As
we have shown, the bosonic eld equations (4.30) of a bosonic brane are encoded in the
minimal embedding condition (4.29). We shall now nd an inhomogeneous generalization
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of the minimal embedding condition, the inhomogeneity reflecting the interaction of the
supermembrane with the supergravity gauge eld A(3)(Z).
It is a simple exercise to show that the bosonic eld equations must hold provided
that the fermionic equations (5.31) hold. This can be veried in dierent ways, one of
which is to analyze the pullback components T a;qv
r0
 of the torsion constraint (5.5). We,
however, nd it here simpler to look at the eqer components of the Codazzi equation
(4.69)
−2iqrγbΩ^ ib;a −DqΩ^ ir;a −DrΩ^ iq;a = R iqr;a : (5.42)
Multiplying (5.42) by γa and qr, and taking into account the fermionic equation (5.31)
we get
abΩ^ ib;a  ab(raEab )u ia = −
i
32
γaqrR iqr;a : (5.43)
We observe that, in comparison with the bosonic minimal embedding condition (4.29), the
bosonic equation (5.43) acquires the r.h.s. If we now look at the supergravity curvature
constraint (5.6) we realize that the r.h.s. of (5.43) contains components of the eld
strength F (4) of the D = 11 supergravity gauge eld A(3). Hence, the r.h.s. of (5.43)
describes the coupling of the supermembrane to A(3). Its form is the same as that obtained
from the Wess{Zumino term of the supermembrane worldvolume action (5.1). To see this
we should take the corresponding eqer components of the curvature pullback (5.6) and
make use of the basic superembedding condition (4.39), the relation (5.22), the form of
the Γ{matrices (4.42), (4.43) and the harmonic relations (4.41), (4.53). If we do this, and
take the leading ( = 0) component of eq. (5.43) in the Wess{Zumino gauge (5.37){(5.40),
the r.h.s. of (5.43) takes the form
− i
32



























EAm  @mZMEAM j=0; gmn() = eamena() = EamEbnab:
The  = 0 component of the left{hand side of eq. (5.43) is rewritten as follows
ab(raEab )u ia j=0 = abema ()(rmenbEan)u ia ()− ab qa ()(rqEab )u ia ()
=
1p−grm
(p−ggmnEan)u ia − 2igmnEmv q Env;r0(γi) r0q (5.45)
=
1p−grm
(p−ggmnEan)u ia − 2iEmv q (γ[mγn])Env r0 (γi)qr0
=
1p−grm

















When developing eq. (5.45) we used the relations (5.37){(5.40) and (5.16), the harmonic
relations (4.41), the Γ{matrices (5.11) and (5.12), and the fermionic equation (5.31).
Putting together (5.44) and (5.45) we nally get[
1p−g@m
(p−ggmnEan)+ gmnEAmEbnΩ aA;b + 13!p−g lmnEDl ECn EBn F aBCD
]




















bcd − iEbl EmΓ ab En]
is the pullback onto the bosonic worldvolume of the constrained eld strength (5.7).
In the square brackets of (5.46) one can recognize the conventional scalar eld equa-
tions of the supermembrane [9] obtained from the action (5.1). If we multiply them by
Ema we may check that they are identically zero (modulo the fermionic equations (5.41) ),
which reflects the d = 3 worldvolume reparametrization invariance of the theory. Hence,
indeed, only eight worldvolume scalar eld equations are independent.
To conclude this subsection we repeat the main expressions which describe the D = 11
supermembrane in the superembedding approach.
5.1.3 Main superembedding equations for the M2–brane
The superembedding conditions are






a + eqv q(z); (5.48)
1
2








abcΓabc; Γa = E
a
aΓa:
This form of the projector was introduced in [94, 53].
The supermembrane equations of motion (encoded in (5.47) and (5.48) ) are
















u ia = 0: (5.50)
In the static gauge Xa = a, v r = 
r, in flat target superspace and in the flat
(linearized) limit of the worldvolume supergeometry, where Eaq = DqX
a − iDqΓa,
the superembedding condition reduces to the supereld constraint on the transversal
oscillations of the supermembrane
DqX
i = i(γi) q
0
q q0 ; q0  v;q0 : (5.51)
This constraint describes an n = 8, d = 3 on{shell scalar supermultiplet.
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Note that acting on  by the harmonics v r and v;q0 we transform the worldvolume
scalar fermions  into the worldvolume spinors r and q0 . When this is done, eq. (5.49)
becomes the standard d = 3 Dirac equation for q0 . Indeed, using the superembedding
relations, it is a simple exercise to varify that in flat target superspace, where E = d,
eq. (5.49) can be rewritten (modulo (5.43) or (5.50)) in the Dirac form
(γa)Daq0 = 0; (5.52)
where Da = e Ma @M + ! γa + A r0aq0 is the worldvolume covariant derivative.
Thus, the supersymmetric eld theory in the worldvolume of the supermembrane
governed by eqs. (5.49) and (5.50) is that of the n = 8, d = 3 scalar supermultiplet
having eight bosonic and eight fermionic physical modes.
5.2 The super–5–brane
We now turn to the most impressive example of the power of superembedding which has
allowed one to get the on{shell description of the M{theory 5{brane without using the
action principle [51, 52].
The supersurface M6;16 associated with the super{5{brane worldvolume is charac-
terized by a local supervielbein frame eA(z) = (ea; eq) (a = 0; 1; :::; 5,  = 1; :::; 4;
q = 1; :::; 4) whose components form the vector and spinor representations of the group
SO(1; 5) SO(5). Namely, the index  stands for a spinor representation of SU(4) 
Spin(1; 5) and the index q is that of the spinor representation of USp(4)  Spin(5).
The d = 6 spinors are USp(4) simplectic Majorana{Weyl spinors [117, 120]. They
are dened in the same way as the SU(2) simplectic Majorana{Weyl spinors, which we
introduced in Subsection 2.5.4, eqs. (2.73){(2.74).




where Cqr is the antisymmetric USp(4) invariant tensor, its inverse being (C
−1)qr =
−Cqr  −Cqr. The matrices Cqr and Cqr can be used to raise and lower the USp(4)
spinor indices using the rules er = e
qCqr, e
q = Cqrer.
The matrix B is dened by the conditions
BγaB−1 = (γa); BB = −1
and * denotes complex conjugation.
The 4 4 matrices (γa) are antisymmetric.
We note that the matrix B˙ can be used to convert the dotted indices (of the complex
conjugate representation) into undotted ones, so that one can always deal with only
undotted indices, but there is no SU(4) invariant tensor for lowering the SU(4) spinor
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indices. Thus, the spinors  q and  q have dierent SU
(4) chiralities, one of them is
chiral (Weyl) and another one is antichiral.
The supersurface M6;16 under consideration is therefore a d = 6, (2; 0) chiral super-
space (where 2 stands for USp(4)) y.
An appropriate form of the D = 11 Γ{matrices (4.42), (4.43) and of the charge con-
jugation matrices C = C




 ; a = 0; 1; :::; 5 ; (5.54)
Γi =
 0  (γi) rq
−(γi)qr 0
 ; i = 1; :::; 5 ; (5.55)
C = C
 =
 0  rq
−qr 0
 : (5.56)
In (5.55) (γi)qr = C
qs(γi) ts Ctr are USp(4)  SO(5) gamma{matrices. The matrices
(γi)qr = (γ
i) tq Ctr are antisymmetric.
In (5.54) the SU(4) matrices γa and ~γ





ab; tr(γa~γb) = 4ab; γaγ
a
γ = −2γ: (5.57)









Eqs. (5.58) and (5.59) imply that the antisymmetric product of three SO(1; 5) γ{
matrices is symmetric in spinor indices and (anti){self{dual in vector indices.
The SU(4)USp(4) splitting of the D = 11 Lorentz{spinor harmonics v  and their
inverse is as follows
v

 = (v r ; v;r); (v




The induced supergeometry on M6;16 is described by the general superembedding
conditions (4.36){(4.39), (4.46){(4.51), (4.56){(4.59), (4.65). As in the case of the super-
membrane, our goal is to nd further restrictions on components of Ω^ ia = e
AΩ^ iA;a required
by the integrability of the superembedding conditions and to identify these restrictions
with the 5{brane equations of motion. So we repeat the steps made in the previous
subsection.
yThe N = 1, D = 6 superspace with one SU(2) simplectic Majorana{Weyl coordinate (discussed
in Subsection 2.5.4) is also called D = 6, (1,0) chiral superspace, since the number of its Grassmann
coordinates is half the number of those in the (2, 0) superspace.
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We again analyze the condition (4.58). Making use of the harmonic relations (4.41)
and (5.60), the form of the D = 11 Γ{matrices (5.54) and (5.55), and the equations (4.46)
and (4.49), we rewrite eq. (4.58) in the following form
eaΩ^ ia = e
arE ba u ib = ea(du ba + u ca Ω bc )u ib
= −2ieqer(γi) sq hr;s + 2ieaeq(γi) rq E

a v;r: (5.61)
Comparing the left{ and the right{hand side of (5.61) we nd that
eaebΩ^ ib;a = 0 ! Ω^ ib;a = Ω^ ia;b = rbE ba u ib ; (5.62)




(γi) sq hr;s = −(γi) sr hq;s: (5.64)
















Substituting eq. (5.65) into (5.64) we nd that the only nonzero component of hq;r is










where habc(z) is a self{dual tensor due to the γ{matrix relations (5.58).
The matrix h satises the identities
hγ~γ
aγh = −2habchbcdγd; (5.67)
~γγa hγ~γ
a = 0; (5.68)
tr(h~γ[aγb~γc]) = −8habc; (5.69)
which we shall use below.
We have thus observed that the integrability of the superembedding conditions reveals
the presence of a self{dual tensor eld on the embedded supersurface. Later on this self{
dual tensor will be related to the eld strength H(3) = db(2) − A(3) of the 5{brane tensor
gauge eld which appeared in the M5{brane action (5.3).







q (z) + hCqrv
r;: (5.70)
We may now derive the eqer components of the supersurface torsion (4.57) and
(4.66).
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Using eqs. (4.57) and (5.70), the harmonic relations (4.41), the Γ{matrix decomposi-
tion (5.54) and the identity (5.67) we get
T aq;r = −2iCqrγbm ab ; m ab   ab − 2hbcdhacd: (5.71)
We observe that eq. (5.71) diers from the standard supergravity torsion constraint
(5.23) by the non{unit matrix m ab . The reason for this is that (as in the case of the
bosonic surface) we have chosen the bosonic embedding condition (4.36) such that the
induced metric of the embedded surface is of the standard ‘Green{Schwarz’ type (4.38)
which is used in the construction of the M5{brane action (5.3). If we wanted to have the
standard constraint on the torsion of the supersurface M6;16 (i.e. with  ab instead of m ab
in (5.71)), we should redene the M6;16 supervielbein ea in (4.36) as follows
Ea  Ebu ab (z) = ea(z) = e^bm ab ;
The price for this would be that in the new frame e^a the metric g^mn = e^
a
me^na on M6;16
does not coincide with the induced metric of the Green{Schwarz{type. So we prefer to
work in the standard (induced) frame on M6;16 y.
We now look at the eqer components of the torsion T γs (4.66). Because of our choice
of the supersurface connection (4.62), (4.65) and the presence of the tensor h(z), they are
nonzero and have the following form
T γsq;r = −Cqth(rrvt;)v γs + (q) $ (r): (5.72)
In view of (5.71) and (5.72) the anticommutator of the supersurface covariant deriva-
tives Dq gets modied and acquires an additional term in comparison with that of the
supermembrane (5.25)
fDq;Drg = 2iCqrγam ba Db − T γsq;rDγs +Rq;r(z): (5.73)
5.2.1 The tensor field equation
We are now in a position to relate habc(z) to the eld strength Hlmn() of the worldvolume
gauge eld bmn() of the M5{brane action. By denition, in the bosonic worldvolume (5.2)
H(3) = db− A(3): (5.74)
The Bianchi identity for (5.74) is
dH(3) = −dA(3) = F (4); (5.75)
where A(3) and F (4) are the pullbacks onto the bosonic worldvolume of the D = 11 gauge
eld potential and of its eld strength, respectively.
yThe e^a{frame has been used for the description of the M5{brane superembedding in the reference
[51], and the transition to the Green{Schwarz frame has been discussed in [52].
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To nd the relation between H (3) and habc(; ) we should promote the equations
(5.74) and (5.75) to the supersurface M6;16, i.e. to consider b(2)(z) and H(3)(z) as M6;16
superelds.








also has only nonzero components with three vector indices Habc(z), i.e.
Hq;BC(z) = 0: (5.76)
The assumption (5.76) about the structure of the superform H (3) is consistent with the
Bianchi identity (5.75) extended to the supersurface, which allows one to express Habc(z)
in terms of habc(z) and to nd the equation of motion of habc(z) (or Habc(z)), as we shall
do in a moment.
We should stress in advance that eq. (5.76) is not an additional constraint on the
superembedding since, as the analysis has shown [51, 52], the equations for habc(z) which
follow from the Bianchi identity (5.75) are equivalent to those which are contained in the
basic superembedding condition Eaq = 0 (4.39).














eDeCeBeADDHABC = − 1
4!
eDeCeBeAFABCD: (5.77)
In view of (5.76), of the torsion constraint (5.71) and of the D = 11 eld strength con-












Making use of the harmonic relations (4.41) and (5.60), the form (5.54){(5.61) of the




c , we reduce (5.78) to
γam
d
a Hdbc = −(γ[b~γc]) γ hγ − hγ(~γ[bγc])γ : (5.79)
Then, multiplying (5.79) by ~γa and making use of the identities (5.57) and (5.69), we
nally arrive at the relation between Habc and habc
m da Hdbc = 4habc , Habc = 4(m−1) da hdbc: (5.80)
















It is then not hard to check that the r.h.s. of (5.80) is indeed totally antisymmetric
because of the self{duality of habc. For this one should notice that k
d
a hdbc is anti{self{dual




dd1h efd1 : (5.82)
The form of the expressions (5.80) implies that though habc obeys ordinary Hodge
self{duality (5.66), the eld strength Habc satises a much more complicated nonlinear
self{duality condition. Its explicit form can be derived from the M5{brane action (5.3)
as an equation of motion of bmn [162, 159, 63, 64], or directly from (5.80) [163]. We refer
the reader to these papers for details on the dierent forms of the generalized self{duality
condition.
Note that at the linearized level, when m ab is replaced with 
a
b , Habc becomes propor-
tional to habc and satises the ordinary Hodge self{duality condition.
When the eld strength of a gauge eld is self{dual, its Bianchi identities are equivalent
to the gauge eld equations of motion. We shall now show how the Bianchi identities (5.75)
produce the tensor eld equations in the case under consideration.




























where, for convenience, we have introduced the covariant derivative D^c




(Tcb;a − Tca;b − Tba;c)
)
: (5.85)
Note that in the pure bosonic limit the connection !^ba is torsion free, i.e. for such a
connection the components T^ abc of the torsion T^
a = D^ea are zero.
We now substitute Hdef in (5.84) with (m
−1) f1d hf1ef (5.80), and use the relations















Eq. (5.86) is the equation of motion for the self{dual tensor eld habc.
We conclude that the Bianchi identity (5.75) with H (3) dened by the relation (5.80)
is equivalent to the eld equations of the self{dual worldvolume tensor eld.
Let us now proceed with deriving
5.2.2 The fermionic equation
To get the fermionic eld (z) equation of the M5{brane we hit the left{ and the right{
hand side of eq. (5.70) with the covariant derivative Dr, symmetrize with respect to the
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r; v;γs + (q) $ (r)
= Drv qv;γs + (DrhCqtvt;)v;γs + (q) $ (r): (5.87)
To simplify eq. (5.87) we should make use of the expression (5.70), the identity (5.67),
the relations (4.62) and (4.65) between the supersurface connection ! BA and the target
superspace connection Ω
B
A , and to recall that due to the harmonic relations (4.59) and
(4.76), and the form of the Γ{matrices (5.54) and (5.55)
(rrv q)v;γs = 1
4





























r;a (γi)qs +DrhγCqs + (q) $ (r): (5.89)
Let us multiply eq. (5.89) by Cqr and ~γc ~γ
cγ . Because of the identity (5.68) the term




a v;γs = −~γγb mbaΩ^ iγq;a (γi)qs: (5.90)









a v;γs = −~γγb mbaΩ^ iγq;a (γi)qs: (5.91)
Comparing (5.90) with (5.91) we see that the coecients on their left{hand sides do not




a v;q = 0 = ~γ

b m
baΩ^ iq;a : (5.92)
We have thus arrived at the 16{component fermionic eld equation of motion of the
M5{brane similar to that of the supermembrane (5.31), the only dierence being in the
presence of the worldvolume self{dual tensor habc(z) in the M5{brane equation via the
matrix m ab = 
a
b − hbcdhacd.
Let us now rewrite eq. (5.92) in the Green{Schwarz form similar to the supermembrane
equation (5.34).
First of all we use the harmonic relations (4.41) and (5.60), the form of the Γ{matrices














q;γ = 0: (5.93)
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Then, to ‘hide’ the supersurface spinor indices, we multiply (5.93) by



















The choice of the matrix E;q is prompted by the requirement that the resulting fermionic
equation is invariant under the {symmetry transformations (as the superbrane dynamical
equations must always be). This means that this equation should be annihilated by the





  v r E r = v r (v r + Crshγvγs;): (5.96)
So we have chosen E;q in such a way that E

rE;q  0.
Finally we use the form (5.66) of h and the harmonic relations (4.41) to nd the
explicit form of the matrix Γ of eq. (5.95) in terms of antisymmetric products of the







habcΓabc; Γa = E
a
aΓa: (5.97)
Thus we have derived the Green{Schwarz{type fermionic equation of motion (5.95) of













where EAm = @mZ
ME
A
M(Z()), (A = ; a).
5.2.3 The scalar equation
To identify the equations of motion of the superworldvolume scalar elds Xm(z) we an-
alyze the eaeq components of the pullback of the target superspace torsion T  (5.5)
multiplied by E;r dened in (5.94).




A(rEA − ! BA EB)E;r
= T bE

b E;r + e
A(rEA − ! BA EB)E;r (5.99)
where TA = (T b; T q) is the supersurface induced torsion dened in (4.57) and (4.66).
Note that the term with T q has disappeared from (5.99) since by denition EqE;r  0
(see eqs. (5.94), (5.96) ). The eaeq components of (5.99) are




b E;r − (rqEa + ! bq;aEb )E;r − (raEq)E;r: (5.100)
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γs;; E;r = vr − v γs hγCsr;
the orthogonality properties of the harmonics (5.60) and the relations (4.62), (4.64) and
(5.88) for the supersurface and target superspace connections, the last term of (5.100)






b γc(γi)qr +DahCqr: (5.101)





b γc(γi)qr +DahCqr = (T ba;qEb − T a;q)E;r −Kq;a;r; (5.102)
where
Kq;a;r  (rqEa + ! bq;a Eb )E;r
are components of the second fundamental form introduced in (4.60).
The equation of motion of the worldvolume scalar eldsXm(z) is obtained from (5.102)













b − T a;q)E;r −Kq;a;r
]
: (5.103)
We observe that the l.h.s. of (5.103) has the form similar to the supermembrane
bosonic equation (5.43) but with the matrix mbcm ac replacing the Minkowski metric 
ab.
The complicated r.h.s. of eq. (5.103) describes the interaction of the super{5{brane with
the D = 11 gauge eld strength F (4) = dA(3).
Note that since (5.102) contains the vector derivative of h, from (5.102) we can also
derive another form of the equation of motion of the tensor eld habc. To this end we
multiply (5.42) by Cqr and mad(~γ[dγb~γc])
 . Using the identity (5.69) we get







b − T a;q)E;r −Kq;a;r
]
: (5.104)
The form of eq. (5.104) diers from that of eq. (5.76), but a somewhat tedious analysis
shows that the two equations are in fact equivalent [51, 52] modulo the fermionic equation
(5.95).
The ve scalar eld equations (5.103) have a rather complicated structure of the right{
hand side. Cumbersome manipulations using the form of the torsion constraints (5.4) and
(5.5), the superembedding conditions Eaq = 0 and (5.70), the harmonic relations (4.41),
the form of the D = 11 Γ{matrices (5.54){(5.56) and the identities (5.80){(5.82) allow
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one to disentangle eqs. (5.103) and to present their leading ( = 0) components (which
are the proper equations for xm()) in the following form[












(F am6m5m4 − EanF nm6m5m4)Hm3m2m1
)]
u ia = 0;
(5.105)
where all quantities depend only on the bosonic worldvolume coordinate m,








M (Z()); Fmpm1 = E
Ap
mp   EA1m1FA1Ap(Z()); (p = 4; 7)
and
Dm = @m + Γlmn()
is the covariant derivative with the Christoel symbol Γlmn() determined by the world-





The expression in the square brackets of (5.105) is the same as the one obtained from
the M5{brane action (5.3) as the xm() equation of motion.
The equivalence of the M5{brane equations of motion (5.98) and (5.105), and of the
‘self{duality’ relation (5.80) to the equations of motion yielded by the M5{brane action
(5.3) has been demonstrated in [164]. The proof is not straightforward, since in the action




which appears in an natural way in the {symmetry transformations of the action, diers
from the {symmetry projector (5.96), (5.97) of the superembedding approach. The two

















For details we refer the reader to the papers [63, 164], and to [165] where the equivalence
of the covariant energy{momentum tensors of the M5{brane in both approaches has been
discussed.
The two formulations of the M5{brane have been applied to studying various aspects
of M{theory and its duals in [65, 166]{[170, 161, 171]{[182, 103]{[190] and [74, 191]{[196].
To summarize, in the superembedding approach the M5{brane is described by the
following main relations.
5.2.4 Main superembedding equations for the M5–brane
The superembedding conditions are















(1− Γ0)  = v;rvr;; Γ0 =
1
6!
a1a6Γa1a6 ; Γa = E
a
aΓa:





a v;q = 0 = ~γ

b m
barqEbau ib ; (5.108)
m ab = 
a
b − 2k ab ; k ab = hacdhbcd;
the worldvolume scalar eld equation













u ia ; (5.109)




ap   Ea1a1 , (p = 3; 6);
and the self{dual tensor eld equation
dH(3) = − 1
4!
EDECEBEAFABCD; Habc = 4(m





As in the case of the supermembrane (see eq. (5.51)) in the linearized limit the su-
perembedding condition (5.106) reduces to the constraint on the superelds corresponding
to the transverse oscillations of the super{5{brane
DqX
i = i(γi) rq r; r  v;r; i = 0; 1   5; q; r = 1;    ; 4 :
This constraint describes an n = (2; 0), d = 6 on{shell tensor supermultiplet.
Thus, the supersymmetric eld theory in the worldvolume of the M5{brane governed
by eqs. (5.108){(5.110) is that of the n = (2; 0), d = 6 tensor supermultiplet which on the
mass shell has ve scalar, three (self{dual) tensor and eight fermionic physical modes.
6 Other developments and applications
6.1 The generalized action principle
In Sections 2 and 3 we have constructed doubly supersymmetric supereld actions for su-
perparticles and superstrings which produce the basic superembedding condition Eaq = 0
dynamically. This has been possible because in these cases the superembedding condition
does not contain dynamical eld equations, and the latter should be obtained by imposing
the minimal embedding conditions, or from an action.
This method of constructing worldvolume supereld actions can be used in other cases
where the superembedding condition does not put the superbrane on the mass shell, as,
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for example, N = 2, D = 3; 4 and 6 superparticles [42, 69], the N = 2, D = 3 superstring
[42], the N = 1, D = 4 supermembrane [70] and an N = 2, D = 4 space{lling D3{brane.
As we have seen, in the case of the M{theory branes the superembedding condition
implies the dynamical equations of motion. Therefore, if one tried to construct a world-
volume supereld action for these branes using the prescription of Sections 2 and 3, i.e.
by introducing the superembedding condition into the action with a Lagrange multiplier,
this Lagrange multiplier supereld would acquire dynamical equations and thus would
contain redundant degrees of freedom, which are absent from the spectrum of the brane
theories of interest. This is analogous, for instance, to the supereld formulations of
ten{dimensional Super{Yang{Mills theory and D = 10 and D = 11 supergravities whose
supereld constraints put the theories on the mass shell, and the way of constructing
supereld actions for them has not been found.
In such cases one should either deal with component actions, as Green{Schwarz{type
actions for the superbranes, or consider so called generalized actions, whose construction is
based on a group manifold (rheonomic) approach which has been developed in application
to supersymmetric eld theories in [73] and in application to superbranes in [72] and, from
somewhat dierent perspective, in [70].
The main principles of the construction of the generalized actions (which we enumerate
for superbranes [72, 78]) are
i) In the superworldvolume of the superbrane with the number of bosonic dimensions
d = p + 1 embedded into a D{dimensional target superspace one constructs a p + 1{
superform L(p+1) which is closed, dL(p+1) = 0, modulo the superembedding condition
Eaq = 0 (or the one which replaces it in the case of the space{lling branes [75]). The
superform is constructed from the pullbacks of the target{space supervielbeins, the har-
monic variables (which are auxiliary worldvolume superelds) and from the eld strengths
of the worldvolume gauge elds, when present. It contains both the kinetic and the Wess{
Zumino term of the superbrane Lagrangian. A systematic way to get this form (which
can always be found) has been proposed in [70]. An example of such a form has been
considered in the case of the heterotic string in Subsections 3.2.2 and 3.2.3 (eqs. (3.50)
and (3.58)).
ii) The integral of this superform over an arbitrary p + 1{dimensional bosonic sub-





So the generalized action is not a fully fledged worldvolume supereld action.
iii) But, in spite of the fact that the integration is performed over a bosonic subman-
ifold, the action (6.1) is superdieomorphism invariant in the whole superworldvolume

















dzLp    dzL1zMLML1Lp : We see that the rst term in the variation
(6.2) is a total derivative and the second term vanishes because of the condition i).
iv) The variation of the surfaceMp+1 in the action functional (6.1) is equivalent to the
superdieomorphisms () of the superworldvolume in the odd directions orthogonal to
Mp+1, which leads to the condition dL(p+1) = 0. As a result, because of iii) the variation
of the action (6.2) with respect to the worldvolume superelds yields the superembedding
conditions and the supereld equations of motion in the whole worldvolume superspace.
When contained in the superembedding conditions, the equations of motion do not pro-
duce any new information in addition to the superembedding conditions.
v) When the integration surface is chosen to be (m;  = 0) and we take the integral
of the leading component L(p+1)j=0=d of the superform, the generalized action (6.1) is
reduced to a component action, which can be then rewritten in the Green{Schwarz form.
An example related to the generalized action taken at  = 0 is the property of the
Weil triviality of the term (3.65) of the doubly supersymmetric string action considered
in Subsection 3.2.3, with the two{form (3.58) being closed up to the superembedding
condition.
Because of a solid geometrical ground the generalized action formalism can be useful,
for example, for deriving component actions of supersymmetric models for which actions
have been unknown.
The generalized actions have been constructed for the ordinary super{p{branes [72,
150], the super{D{branes [197, 75] and (implicitly) for so called L{branes [198] whose
physical modes form linear supermultiplets. For the M5{brane the generalized action
which extends the Green{Schwarz-type action (5.3) to the worldvolume superspace and
which produces the superembedding conditions is still unknown because of problems
caused by the presence of the self{dual eld.
For further details on the generalized action approach to supereld theories we refer
the reader to original literature [73, 72, 197, 78, 150, 75, 70].
6.2 D–branes, L–branes and branes ending on branes
We have already mentioned that the superembedding approach is applicable to the de-
scription of all known superbranes, including the Dirichlet branes [50, 197, 75], and it
has also been used to derive equations of motion and actions for a class of branes called
L{branes [50, 198] which contain on their worldvolumes antisymmetric gauge elds dual
to worldvolume scalars or vectors.
As in the case of the M5{brane the worldvolume gauge elds of the D{branes and L{
branes (or more precisely their eld strengths) show up in the superembedding condition
(4.49) as the spin{tensor eld h 
0
q (z). The analysis of the superembedding integrability
conditions involving h 
0
q is made along the lines explained with the example of the M5-
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brane and reveals the Born{Infeld structure of equations of motion of the gauge elds.
L{branes can be obtained, by dualizing vector elds of Dp{brane actions [199, 158, 177,
207], and from standard super{p{branes by a direct dimensional reduction of the target
superspace and the dualization of worldvolume scalars, corresponding to compactied
dimensions, into rank p− 1 antisymmetric elds, which enter the linear supermultiplet of
the supersymmetric worldvolume eld theory.
In some cases, when, for example, there are eight supersymmetries in the worldvolume,
the scalar supermultiplets are on the mass shell, while the corresponding dual linear
supermultiplets are o{shell, and the L{branes admit the o-shell worldvolume supereld
description [198].
In the superembedding approach L{branes naturally appear when for a given super-
surface and target superspace the basic superembedding condition yields the supereld
constraint of the linear supermultiplet [50]. The L{brane duals of D-branes also occur
when one considers Dp{branes ending on D(p+2){branes [74].
The consideration of open branes ending on another (host) branes from the point of
view of superembedding is an interesting problem of its own, as, for instance, studying
an M2{brane ending on an M5{brane. The investigation of such brane congurations
has been carried out in [74], where it has been demonstrated that the basic principles of
superembedding work perfectly well also in these cases. It has been shown that if the
constraints on the superworldvolume of the open brane are imposed, the superembedding
conditions determine the superworldvolume constraints for the host branes, and provide
one with information about the dynamics of the boundary of the open brane in the host
brane.
For further details we refer the reader to the original literature cited above.
6.3 Nonlinear realizations and superembeddings
We have already discussed that the presence of the superbranes in the target superspaces
(partially) breaks supersymmetry of the background vacuum. This supersymmetry break-
ing is spontaneous, since the worldvolume equations of motion of the superbrane are
manifestly invariant under target{space supersymmetry, while their (classical vacuum)
solutions preserve only a fraction of the supersymmetry transformations.
The superbrane congurations whose worldvolume actions possess {symmetry, with
the number of independent parameters being half the number of target{space supersym-
metries, include BPS states which preserve half the supersymmetry.
An eective group{theoretical and geometrical method to describe theories with spon-
taneously broken symmetries is the method of nonlinear realizations of symmetries (or
the coset space approach) which is based on the Cartan theory of group manifolds and
coset spaces.
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For the rst time this method was applied in physics to the construction of phenomeno-
logical Lagrangians of particle interactions by Callan, Coleman, Wess and Zumino [200],
and independently by Volkov [201]. It was then used for the construction of the rst
globally supersymmetric eld theory [202] and supergravity [203].
Since branes naturally provide us with a geometrical mechanism of partial (super)symmetry
breaking (which is nothing but the Goldstone{Higgs mechanism), it is natural to apply
to the description of the eld theory on the worldvolume of the brane the method of
nonlinear realizations.
This has been done in a number of papers.
A super{3{brane in N = 1, D = 6 superspace as a model of partial spontaneous n = 2
supersymmetry breaking in d = 4 was considered in [204, 205].
An N = 1, D = 4 supermembrane and N = 2, D = 2 superparticles were discussed in
[206].
In the static gauge a worldvolume n = 1 supereld Born{Infeld{type action for the
D3{brane in N = 2, D = 4 superspace was rst constructed in [71] as the nonlinear action
of the Goldstone{Maxwell supermultiplet for partially broken N = 2 supersymmetry. And
the gauge xed supereld action for its dual L3{brane was derived in [207].
The formalism of partial supersymmetry breaking has been further developed in ap-
plication to branes in superstring and M{theory in [208, 209, 210, 211].
Because of its nature, this method is applicable to the description of (super)branes
propagating in the backgrounds with isometries, which have the geometry of coset (su-
per)spaces, such as flat superspace or anti{de{Sitter superspaces. For instance, in the
framework of the AdS/CFT (superconformal eld theory) correspondence [212], the coset
space approach has been used to get the explicit form of the supervielbeins of AdSp+2 
SD−p−2 superspaces and to construct gauge xed superconformal actions for superstrings
[176, 213, 216], a D3{brane [176, 214, 216] and M{branes [176, 215, 216] propagating in
these superbackgrounds.
As a simple example of the use of the method of nonlinear realizations let us consider
a supermembrane in N = 1, D = 4 flat superspace parametrized by coordinates Xa and
 (a = 0; 1; 2; 3;  = 1; 2; 3; 4). From the point of view of the worldvolume eld theory
this is the model of spontaneous breaking n = 2, d = 3 supersymmetry down to n = 1
[206, 210].
The flat superspace is associated with the coset (actually supergroup) manifold of the











g = 2iPa(CΓa); [Q; Pa] = 0: (6.4)
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The coset element (6.3) can be multiplied by the Lorentz{group coset matrix U = SO(1;3)
SO(1;2)
[208, 210], which corresponds to the harmonic matrices (4.11) and (4.44) of the superem-
bedding approach.
The Cartan one{form K−1dK takes its values in the superalgebra (6.4) and yields the
supervielbeins of the superspace under consideration
1
i
K−1dK = EaPa + EQ; (6.5)
where
Ea = dXa − idΓa; E = d: (6.6)
In the superembedding approach we have considered the pullbacks EA(Z(z)) of the
supervielbeins (6.6) onto the supermembrane worldvolume parametrized by coordinates
z = (a; ) (a = 0; 1; 2;  = 1; 2), and imposed the superembedding condition Ea = 0 to
specify the embedding corresponding to the dynamics of the brane.
In the method of nonlinear realizations one, from the beginning, (i.e. already in
(6.3)) identies part of the superspace coordinates Xa and  with the superworldvolume
coordinates a and 
a = Xa (a = 0; 1; 2);  = (1 + Γ012): (6.7)
The corresponding supertranslations Pa and Q =
1
2
(1 + Γ012)Q generate n = 1, d = 3
supersymmetry which remains unbroken in the superworldvolume of the brane.
The coordinates X3(; ) and (; ) = (1−Γ012) transverse to the brane are associ-
ated with the Goldstone superelds of spontaneously broken supertranslations generated




Thus, from the perspective of the n = 2, d = 3 worldvolume eld theory the N = 1,
D = 4 superalgebra (6.4) looks as
fQ; Qg = 2Paγa; fS; Sg = 2Paγa; fQ; Sg = 2P3; (6.8)
where P3 plays the role of the central charge.
The Goldstone superelds X3(; ) and (; ) are then subject to constraints which
should reduce the number of their components to a suitable irreducible supermultiplet.
(Such constraints can be found, for instance, with the help of a so called \inverse Higgs"
eect [217]). In the case under consideration the constraint is
DX
3 = ; (6.9)
which singles out a scalar n = 1, d = 3 supermultiplet describing physical degrees of
freedom of the supermembrane.
In some cases [205]{[211] the constraints can be solved in terms of superelds which
can be used to construct nonlinear actions.
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Comparing this formalism with the superembedding approach we see that the choice
(6.7) of the superbrane coordinates is nothing but the static gauge, which can be cho-
sen in the superembedding approach to x worldvolume superdieomorphisms, and the
constraint (6.9) imposed on the Goldstone superelds is similar to the superembedding
condition (5.47), (5.51).
Thus, the method of the nonlinear realizations can be regarded as a gauge xed version
of the covariant superembedding description of superbranes, which can provide us with a
way of explicit solving for the superembedding constraints and with an alternative method
to construct (gauge xed) superbrane actions.
A detailed analysis of the relation between the two approaches in dierent cases is an
interesting subject for future study.
7 Concluding remarks and outlook
We have given an introduction to generic features of the geometrical approach to the
description of the theory of superbranes.
This powerful approach unies on the grounds of supersurface theory various for-
mulations of supersymmetric extended objects, such as the Green{Schwarz, twistor and
Lorentz{harmonic formulation, and the method of nonlinear realizations.
Being manifestly supersymmetric in the worldvolume and in the target space, this ap-
proach also establishes (at the classical level) the link between spinning particles and su-
perparticles, and between Neveu{Schwarz{Ramond and the Green{Schwarz superstrings.
Superembedding explains the nature of the {symmetry of the Green{Schwarz{type
actions as odd superdieomorphisms (local supersymmetry) of the superbrane worldvol-
ume.
These properties of superembeddings allow one, in certain cases, to overcome the
covariant quantization problem of superparticles and superstrings.
As we have seen, in many cases the basic superembedding condition contains the
full information about the dynamics of the superbrane, i.e. it produces the superbrane
equations of motion. This is of particular importance for the description of new objects
for which the use of other methods may encounter problems.
Depending on whether or not the superembedding condition puts the superbrane on
the mass shell, the approach gives a recipe for the construction of component, generalized
or supereld actions of the superbranes by the use of a closed (p + 1){superform which
exists in the brane superworldvolume.
As further applications of the superembedding approach, one may use it to search
for new types of (dual) families of branes, study superembeddings which correspond to
brane congurations preserving less than half target{space supersymmetry, as intersecting
branes, carry out more detailed analysis of the relation between the superembedding
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approach and the method of nonlinear realizations, and to use it for studying the dynamics
of branes and gauge xed brane actions in AdS superbackgrounds in connection with the
AdS/CFT correspondence conjecture.
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